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C H A P T E R I 
I N T R O D U C TI O N 
C o m p osit e  m at eri als  ar e  f or m e d  w h e n  t w o  or  m or e  c o nstit u e nt  m at eri als  ar e  
mi x e d  i n  s u c h  a  w a y  t h at  e a c h  c o nstit u e nt  r et ai ns  its  i d e ntit y.  A d v a n c e d  c o m p osit e  
m at eri als  ar e  cr e at e d  b y  mi xi n g  t h e  b as e  m at eri al  ( m atri x)  t h at  is  t y pi c all y  m a d e  of  a  
p ol y m er wit h a r ei nf or c e m e nt m a d e of s u c h m at eri als as c ar b o n or gl ass. D u e t o t h eir 
s u p eri or  m e c h a ni c al  pr o p erti es  c o m p ar e d  wit h  c o n v e nti o n al  m at eri als,  c o m p osit e  
m at eri als ar e us e d i n a wi d e r a n g e of a p pli c ati o ns. F or e x a m pl e, a er os p a c e str u ct ur es ar e 
us u all y  b uilt  fr o m  m at eri als  wit h  hi g h  s p e cifi c  str e n gt h  a n d  stiff n ess,  a n d  c o m p osit e  
m at eri als  ar e  oft e n  t h e  b est  c a n di d at es  t o  pr o vi d e  t h es e  c h ar a ct eristi cs.  Si mil arl y,  wit h  
gr e at er e m p h asis o n a ut o m o bil e f u el effi ci e n c y, c o m p osit e m at eri als ar e b ei n g c o nsi d er e d 
f or li g ht w ei g ht a ut o m oti v e str u ct ur es. 
R e c e nt a d v a n c es i n pr o d u ci n g n a n os c al e m at eri als ( e. g., c ar b o n n a n ot u b es) wit h 
n o v el  pr o p erti es  h a v e  l e d  t o  t h e  cr e ati o n  of  n a n o-r ei nf or c e d  a n d  m ultis c al e  c o m p osit e  
m at eri als  wit h  e n h a n c e d  m a cr os c o pi c  pr o p e rti es  t h at  c a n  b e  d esi g n e d  f or  s p e cifi c  
a p pli c ati o ns  ( W er ni k  a n d  M e g ui d  2 0 1 0).  M oti v at e d  b y  t h es e  a d v a n c es,  m ultis c al e  
c o m p osit es h as b e c o m e a r a pi dl y e v ol vi n g r es e ar c h ar e a. T h e wi d e r a n g e of l e n gt h s c al es 
fr o m  m a cr o  (fi nis h e d  w o v e n  c o m p osit e  p arts)  t o  mi cr o  (fi b er  di a m et er)  a n d  n a n o  
( n a n ofi b er di a m et er) pr es e nts tr e m e n d o us o p p ort u niti es f or i n n o v ati v e a p pr o a c h es i n t h e 
pr o c essi n g,  c h ar a ct eri z ati o n,  a n al ysis,  m o d eli n g  a n d  d esi g n  of  t his  n e w  g e n er ati o n  of  










d e vi c es fr o m m ultis c al e c o m p osit es, u n d erst a n d i n g m at eri al b e h a vi or a cr oss l e n gt h s c al es
fr o m t h e at o misti c t o m a cr osc o pi c l e v els is r e q uir e d.  
D esi g n of a str u ct ur al c o m p o n e nt usi n g m ultis c al e c o m p osit e m at eri als is m or e 
c o m pli c at e d t h a n o n e usi n g c o n v e nti o n al m at e ri als d u e t o t h e c o m pl e x b e h a vi or of t h e 
m at eri al a n d t h e p h ysi c al i nt er a cti o ns a m o n g t h e m at eri al c o nstit u e nts. T h us, fi n di n g a n 
o pti m u m d e si g n e xt e n ds b e y o n d e n h a n c e d str u ct ur al  g e o m etr y t o gl o b al or l o c al t ail ori n g 
of m at eri al pr o p erti es ( T h ost e ns o n et al. 2 0 0 5). 
N a n o- r ei nf o r c e m e nts
A  p ol y m er  m at eri al  r e pr es e nti n g  t h e  “ n e at ”  m atri x  c a n  b e  e n h a n c e d  usi n g  a  
v ari et y  of  n a n o-r ei nf or c e m e nts.  O n e  m a y  c at e g ori z e  n a n o-r ei nf or c e m e nt  m at eri als  i n  
t hr e e  c at e g ori es:  p arti c ul at e m at eri als (sili c a,  m et al,  a n d  ot h er  or g a ni c  a n d  i n or g a ni c  
p arti cl es), l a y er e d m at eri als ( cl a ys, gr a p hit e, l a y er e d sili c ate, a n d ot h er l a y er e d mi n er als), 
a n d fi br o us m at eri als ( n a n ofi b ers a n d n a n ot u b es). Fi g ur e 1. 1 s h o ws h o w t h e c h a n g e i n 
n a n o-r ei nf or c e m e nt si z e fr o m mi cr o m et er t o n a n o m et er m a y c h a n g e t h e c o nt a ct s urf a c e 
ar e a-t o- v ol u m e r ati o b y t hr e e or d ers of m a g nit u d e ( T h ost e ns o n a n d C h o u 2 0 0 5). It s h o ul d 
b e n ot e d t h at at t his s c al e, m at eri al pr o p ert i es oft e n h a v e disti n ct si z e d e p e n d e n c e ( Mill er
a n d S h e n o y 2 0 0 2, S h ar m a et al. 2 0 0 3, S h ar m a  a n d G a nti 2 0 0 4, Y a n g 2 0 0 4). I n a d diti o n,
w h e n  n a n o-r ei nf or c e m e nt  m at eri als  ar e  i ntr o d u c e d  i n  a  m atri x  m at eri al,  t h e  dr asti c  
i n cr e as e i n i nt erf a ci al ar e a a n d t h e c orr esp o n di n g i nt er p h as e pr o p e rti es c a n d o mi n at e t h e 











Fi g ur e 1. 1 S urf a c e ar e a-t o- v ol u m e r ati os f or di ff er e nt r ei nf or c e m e nt g e o m etri es
( T h ost e ns o n a n d C h o u 2 0 0 5) 
P arti c ul at e  c o m p osit es  (i. e.,  m atri x  r ei nf or c e d  wit h  mi cr o n-si z e  p arti cl es  of
v ari o us m at eri al s s u c h as Si O 2  or Al u mi n a) ar e us e d i n m a n y a p pli c ati o ns. P arti cl es ar e
t y pi c all y a d d e d t o e n h a n c e t h e m e c h a ni c al pro p erti es s u c h as el asti c m o d ul us a n d yi el d 
str e n gt h of t h e m atri x m at eri al. A d e cr e as e i n  p arti cl e si z e r es ults i n a n i n cr e as e i n t h e 
c o nt a ct s urf a c e ar e a b et w e e n t h e p arti cl es a n d t h e m atri x. It h as b e e n s h o w n t h at n o v el 
m at eri al  pr o p erti es  c a n  b e  o bt ai n e d  w h e n  t h e  p arti cl es  ar e  i n  t h e  n a n o m et er  s c al e.
R es e ar c h ers  ( Si n g h  et  al.  2 0 0 2)  i n v esti g at e d  t h e  v ari ati o n  of  fr a ct ur e  t o u g h n ess  of  
p ol y est er r esi n d u e t o t h e a d di ti o n of al u mi n u m p arti cl es of diff er e nt si z es (fr o m 3. 5 t o 
1 0 0  n m  i n  di a m et er).  T h eir  r es ults  r e v e al e d  t h at  t h e  i niti al  e n h a n c e m e nt  i n  fr a ct ur e  
t o u g h n ess at l o w p arti cl e v ol u m e fr a cti o ns is f oll o w e d b y d et eri or ati o n at hi g h er p arti cl e 
v ol u m e fr a cti o ns. T his p h e n o m e n o n w as attri b ut e d t o t h e a g gl o m er ati o n of n a n o p arti cl es 
at  hi g h er  p arti cl e  v ol u m e  c o nt e nt.  Alt h o u g h  t h e  m o d ul us  of  t h e  c o m p osit e  m at eri al  
i n cr e as es wit h p arti cl e v ol u m e fr a cti o n, its str e n gt h m a y dr o p b el o w t h at of t h e n e at r esi n 
d u e t o n o n- u nif or m p arti cl e distri b uti o n a n d p arti cl e a g gl o m er ati o n ( L o p e z et al. 2 0 0 3). 










m at eri als  a n d  is  o n e  of  t h e  m ost  c h all e n gi n g  iss u es  i n  pr o d u ci n g  n a n o-r ei nf or c e d  
c o m p osit e m at eri als ( p arti cl es, l a y ers a n d fi b ers) i n g e n er al ( T h ost e ns o n et al. 2 0 0 5, Z h o u 
et al. 2 0 0 8). 
A m o n gst  diff er e nt  t y p es  of  l a y er e d  m at eri als,  cl a ys  (s u c h  as  m o nt m orill o nit e,  
s a p o nit e a n d s y nt h eti c mi c a) a n d gr a p hit e ar e t h e t w o m ost c o m m o nl y us e d b e c a us e b ot h 
e xist  as  l a y er e d  m at eri als  i n  t h eir  b ul k  st at e  ( L o u  a n d  D a ni el  2 0 0 3).  W h e n  us e d  as  
r ei nf or c e m e nt  m at eri al s  i n  a  n e at  m atri x,  t h e  l a y ers  m ust  b e  s e p ar at e d  a n d  dis p ers e d
u nif or ml y  t hr o u g h o ut  t h e  m atri x  t o  f or m a  h o m o g e n e o us  mi xt ur e  r es ulti n g  i n  effi ci e nt  
r ei nf or c e m e nt. I n t h e c o n v e nti o n al mis ci bl e  st at e, t h e i nt erl a y er s p a ci n g i n cl a y p arti cl es 
is at its mi ni m u m. W h e n m atri x m at eri al is i ns ert e d i nt o t h e s pa c e b et w e e n t h e a dj a c e nt 
l a y ers, t h e s p a ci n g e x p a n ds, a n d it is k n o w n as t h e i nt er c al at e d st at e. W h e n t h e l a y ers ar e 
f ull y  s e p ar at e d,  t h e  cl a ys  ar e  c o nsi d er e d  t o  b e  e xf oli at e d .  Fi g.  1. 2  ill ustr at es  t h e  
m or p h ol o g y of cl a y r ei nf or c e d p ol y m er c o m p osit e m at eri al. 
Fi g ur e 1. 2 M or p h ol o g y of p ol y m er/ cl a y n a n o c o m p os it es: ( a) c o n v e nti o n al mis ci bl e, 
( b) p arti all y i nt er c al at e d a n d e xf oli at e d, ( c) f ull y i nt er c alat e d a n d dis p ers e d 






P ol y m er- b as e d  cl a y  n a n o c o m p osit es  e x hi bit  i m pr o v e d  stiff n ess,  str e n gt h,  
t o u g h n ess, a n d t h er m al st a bilit y as w ell as r e d u c e d g as p er m e a bilit y a n d c o effi ci e nt of 
t h er m al e x p a nsi o n. O k a d a a n d Us u ki ( 1 9 9 5) s h o we d t h at t h e a d diti o n of s m all a m o u nts of 
m o nt m orill o nit e  cl a y  m at eri al  c a n  si g nifi c a n tl y  e n h a n c e  t h e  t e nsil e  str e n gt h,  t e nsil e  
m o d ul us,  a n d  h e at  d e gr a d ati o n  t e m p er at ur e  ( H D T)  a n d  r e d u c e  t h e  r at e  of  w at er  
a bs or pti o n a n d c o effi ci e nt of t h er m al e x p a nsi o n ( C T E). 
C ar b o n n a n ofi b ers ( C N Fs) a n d c ar b o n n a n ot u b es ( C N Ts) ar e t h e m ost c o m m o n 
fi br o us n a n o m at eri als us e d as n a n o-r ei nf or c e m e nt. C N Fs’ di a m et er is r e p ort e d t o v ar y o n 
t h e or d er of 5 0 – 2 0 0 n m. T h e a xi al el asti c m o d ul us of t h e C NF h as b e e n s h o w n t o b e 
p arti c ul arl y s e nsiti v e t o t h e s h ell tilt a n gl e (s e e Fi g. 1. 3). T h e fi b ers t h at h a v e s m all tilt 
a n gl es fr o m t h e a xi al dir e cti o n s h o w m u c h hi g h e r el asti c m o d uli t h a n fib ers wit h l ar g e tilt 
a n gl es. 
T h e wi d e-r a n gi n g m or p h ol o g y of t h e C N Fs a n d t h eir ass o ci at e d pr o p erti es l e a d t o 
a br o a d r a n g e of s c att er i n e x p eri m e nt al r es u lts o n b ot h pr o c essi n g a nd c h ar a ct eri z ati o n of 
n a n ofi b er  c o m p osit es  w hi c h  r e v e als  t h e  n e c es sit y  of  c o nsi d eri n g  t h e  n o n- d et er mi nisti c  
b e h a vi or of t h e c o nstit u e nt m at eri als ( b ot h i n  g e o m etr y a n d m at eri al pr o p erti es) i n t h e 
m o d eli n g, d esi g n a n d o pti mi z ati o n. 
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Fi g ur e 1. 3 T E M mi cr o gr a p hs of t h e n a n os c al e str u ct ur e of c ar b o n n a n ofi b ers s h o wi n g: 
( a) b a m b o o-li k e str u ct ur es ( M er k ul o v et al. 2 0 0 0), ( b) hi g hl y gr a p hiti z e d 
si d e w all of a c u p-st a c k e d ( m ol e c ul ar m o d els i ns et) n a n ofi b ers s h o wi n g t h e 
s h ell tilt a n gl e ( E n d o et al. 2 0 0 2) a n d ( c ) a n esti n g of t h e st a c k e d l a y ers 
( E n d o et al. 2 0 0 3). R e pri nt e d wit h p er missi o n fr o m [ E n d o et al. 2 0 0 3]. 
C o p yri g ht ( 2 0 0 3) A m eri c a n C h e mi c al S o ci et y. 
C N Ts  ar e  diff er e nt  fr o m  C N Fs,  b ot h  i n  m or p h ol o g y  a n d  pr o p erti es.  T h e  
m or p h ol o g y of a C N T is d efi n e d b y t h e c hir alit y, w hi c h is t h e ori e nt ati o n a n d m a g nit u d e 
of t h e c hir al v e ct or i n a gr a p h e n e s h e et ‘‘ wr a p p e d u p’’ t o  f or m t h e si n gl e- w all e d c ar b o n
n a n ot u b e  ( S W C N T).  T h e  t w o  li miti n g  c o nfi g ur ati o ns  n a m e d  ar m c h air  a n d  zi g z a g  
n a n ot u b es ar e s h o w n i n Fi g. 1. 4. 
Fi g ur e 1. 4 At o mi c str u ct ur es of ( a) ar m c h air a n d ( b) zi g- z a g C N Ts ( T h ost e ns o n et al. 
2 0 0 1). 
T h e  l o w  d e nsit y  ( 1. 3 3 – 1. 4 0  g/ c m 3 ,  w hi c h  is  j ust  o n e- h alf  of  t h e  d e nsit y  of  
al u mi n u m), t h e v er y hi g h el asti c m o d ul us ( 1. 2  T P a, c o m p ar a bl e t o t h at of di a m o n d), a n d 







st e el) attr a ct e d m a n y r es e ar c h er s t o utili z e C N Ts as a r ei nf or ci n g m at eri al i n c o m p osit es. 
I n a d diti o n, t h e tr e m e n d o us r esili e n c e of S W C N Ts i n s ust aini n g b e n di n g t o l ar g e a n gl es 
a n d r estr ai g ht e ni n g wit h o ut d a m a g e at a v er y  l o w str ai n m a k es it disti n cti v el y diff er e nt 
fr o m  m ost  m et als  (i n  pl asti c  d ef or m ati o n) a n d  c ar b o n  fi b ers  (i n  brittl e  fr a ct ur e)  w h e n  
s u bj e ct e d t o t h e s a m e t y p e of d ef or m ati o n. 
U n c e rt ai nt y Q u a ntifi c ati o n a n d P r o b a bilisti c D esi g n 
T h e  m or p h ol o g y  of  n a n o-r ei nf or c e m e nts  ( p arti c ul at es,  fi b ers/t u b es,  cl a ys,  et c.)  
c a n e x hi bit a gr e at d e gr e e of v ari a bilit y ( M er k ul o v et al . 2 0 0 0, T h ost e ns o n et al. 2 0 0 1, 
E n d o et al. 2 0 0 2, L o u a n d D a ni el 2 0 0 3, E n d o et al. 2 0 0 3, T h ost e ns o n a n d C h o u 2 0 0 3). I n 
t h e  c as e  of  n a n ot u b es/ n a n ofi b ers,  f or  e x a m ple,  v ari a bilit y  c o ul d  i n cl u d e  t h e  l e n gt h,  
di a m et er,  w a vi n ess,  c hir alit y,  as  w ell  as  t h e  t u b e/fi b er  e n d  c o nf i g ur ati o n  ( e n d- c a ps).  
T h er e  is  als o  u n c ert ai nt y/ v ari a bilit y  i n  t h e  g e o m etri c  a n d  m at eri al  pr o p erti es  of  t h e  
i nt er p h as e r e gi o n b et w e e n t h e n a n o-r ei nf or c e me nts a n d t h e m atri x ( Y u et al. 2 0 1 1). S u c h 
u n c ert ai nti es  c a n  pr o p a g at e  t o  t h e  o v er all  pr o p erti es  of  t h e  c o m p osit e  m at eri al  a n d  
c o ns e q u e ntl y aff e ct t h e d esi g n of c o m p osit e str u ct ur es.  
T h e  fl e xi bilit y  of  c o m p osit e  m at eri als/st r u ct ur es  c a n  r e n d er  d et er mi nisti c all y  
o pti mi z e d c o m p osit e l a mi n at es v er y s e nsiti v e t o u n c ert ai nti es i n m at eri al pr o p erti es a n d 
l o a d c o n diti o ns ( G ür d al et al. 1 9 9 9). F or e x a m ple, t h e pl y a n gl es of a c o m p osit e l a mi n at e 
d et er mi nisti c all y o pti mi z e d u n d er u ni dir e cti o n a l l o a di n g ar e all alig n e d wit h t h e l o a di n g 
dir e cti o n, w hi c h m a y l e a d t o a p o or d esi g n f or e v e n s m all l o a di n g tr a ns v ers e t o t h e fi b er 
dir e cti o n.  D et er mi nisti c  str u ct ur al  o pti mi z a ti o n  m a y  als o  b e  c o m p ut ati o n all y  e x p e nsi v e  
d u e  t o  t h e  n e e d  t o  p erf or m  m ulti pl e  str u ct ur al  a n al ys es.  H o w e v er,  pr o b a bilisti c  or  







                                            
 
c o m p ut ati o n al  e x p e ns e,  b e c a us e  a  si n gl e  r eli a bilit y  a n al ysis  r e q uir es  m a n y  str u ct ur al  
a n al ys es.  C o m m o nl y  us e d  r eli a bilit y  a n al ysis  m et h o ds  ar e  b as e d  o n  eit h er  si m ul ati o n  
t e c h ni q u es s u c h as M o nt e C arl o si m ul atio n ( M C S) ( R u bi nst ei n 1 9 8 1), or m o m e nt- b as e d 
m et h o ds s u c h as t h e first- or d er r eli a bilit y  m et h o d ( F O R M) ( R a c k wit z a n d Fi essl er 1 9 7 8, 
M el c h ers  1 9 9 9)  or  s e c o n d- or d er  r eli a bi lit y  m et h o d  ( S O R M)  ( Fi essl er  et  al.  1 9 7 9,  
Br eit u n g 1 9 8 4). 
M C S is e as y t o i m pl e m e nt, r o b ust, a n d a c c u r at e wit h s uffi ci e ntl y l ar g e s a m pl es, 
b ut it r e q uir es a l ar g e n u m b er of a n al ys es t o o bt ai n a g o o d es ti m at e of f ail ur e pr o b a bilit y 
( Pf),  es p e ci all y  f or  v er y  l o w  pr o b a bilit y  v al u es.  It  is  w ort h  n oti n g  t h at  v al u e  of  Pf 
c al c ul at e d b y M C S is a n esti m at e of t h e tr u e P f. A ct u all y it is a m e a n v al u e of t h e f ail ur e
pr o b a bilit y.  T h e  a c c ur a c y  of  t his  esti m at e  d e p e n ds  o n  t h e  s a m pl e  si z e,  i. e.,  n u m b er  of  
si m ul ati o ns ( N). As N a p pr o a c h es i nfi nit y, t h e esti m at e d P f will st a bili z e (if t h e r a n d o m 
n u m b er  g e n er at or  is  g o o d)  as y m pt oti c all y  t o  t h e  tr u e  v al u e.  Of  c o urs e,  t h e  tr u e  v al u e  
its elf is a n esti m at e of t h e a ct u al Pf d u e t o t h e i n a c c ur a ci es i n t h e P D Fs, a n al ysis m o d els, 
et c. O n e k e y iss u e t o r es ol v e is d et er mi n ati o n of t h e n u m b er of si m ul ati o ns r e q uir e d. T h e 
err or of c al c ul ati o ns is, as a r ul e, pr o p orti o n al t o t h e s q u ar e r o ot of t h e q u a ntit y ( 1/ N). 
H e n c e, it is cl e ar t h at t o d e cr e as e t h e err or b y a f a ct or of 1 0, it is n e c ess ar y t o i n cr e as e N 
b y a f a ct or of 1 0 0 ( S o b ol 1 9 9 4). T o a d dr ess t h e q u esti o n of h o w m a n y si m ul ati o ns ar e 
r e q uir e d f or a n esti m at e d Pf, S h o o m a n ( 1 9 6 8) d eri v e d t h e f oll o wi n g f or m ul a r el ati n g t h e 
n u m b er of si m ul ati o ns a n d t h e p er c e nt a g e err or: 
1 P f% Err or   2 0 0 

 ( 1. 1)
N P f 
T his e q u ati o n w as d e v el o p e d usi n g a 9 5 % c o nfi d e n c e l e v el, w hi c h m e a ns t h er e is 











g e n er at e d b y t his e q u ati o n. F or e x a m pl e, if 1, 0 0 0, 0 0 0 si m ul ati o ns w er e p erf or m e d a n d 
t h e esti m at e d pr o b a bilit y w as 0. 0 1, t h e n t his e q u ati o n yi el ds 2 % err or. T h at is, w e ar e 
9 5 % s ur e t h e a ct u al pr o b a bilit y of f a il ur e will li e b et w e e n 0. 0 1 ± 0. 0 0 0 2. 
M C S als o m a y pr o d u c e a n ois y esti m at e of pr o b a bilit y a n d h e n c e, it is diffi c ult t o 
us e  M S C  wit h  gr a di e nt- b as e d  o pti mi z ati o n.  M o m e nt- b as e d  m et h o ds  d o  n ot  h a v e  t h es e  
pr o bl e ms, b ut t h e y ar e n ot w ell s uit e d f or pr o bl e ms wit h m a n y c o m p eti n g criti c al f ail ur e 
m o d es. R es p o ns e s urf a c e a p pr o xi m ati o ns m a y b e  a bl e t o s ol v e t h e t w o pr o bl e ms of M C S 
(si m ul ati o n  c ost  a n d  n ois e  fr o m  r a n d o m  s a m pli n g).  R es p o ns e  s urf a c e  a p pr o xi m ati o ns
( K h uri  a n d  C or n ell  1 9 9 6)  ty pi c all y  fit  l o w  or d er  p ol y n o mi als  or  ot h er  f or ms  of  
m at h e m ati c al f or m ul as t o a n u m b er of r es p o n s e si m ul ati o ns t o a p pr o xi m at e r es p o ns e. T h e 
P f c a n  t h e n  b e  c al c ul at e d  i n e x p e nsi v el y  b y  M C S  usi n g  t h e  fitt e d  r es p o ns e  s urf a c es.  
R es p o ns e  s urf a c e  a p pr o xi m ati o ns  c a n  als o  b e fitt e d  t o  P f i n  t er ms  of  d esi g n  v ari a bl es,
w hi c h  r e pl a c e  t h e  r eli a bilit y  c o nstr ai nts  i n  R B D O  t o  filt er  o ut  n u m eri c al  n ois e  i n  t h e  
pr o b a bilit y of f ail ur e i n d u c e d b y M C S a n d r e d u c e t h e c o m p ut ati o n al c ost. 
T h e  n e e d  f or  c o nsi d eri n g  u n c ert ai nt y  i n  d esi g n  of  h y bri d  c o m p osit e  str u ct ur es,  
w hi c h  ar e  m a d e  of  c o n v e nti o n al  fi b ers  a n d  n a n o-r ei nf or c e d  m atri x  m at eri als,  m ai nl y  
c o m es  fr o m  t h e  m or p h ol o g y  of  n a n o-r ei nf or c e m e nts  t h at  e x hi bit  a  gr e at  d e gr e e  of  
v ari a bilit y.  F or  i nst a n c e,  i n  t h e  c as e  of  C N Ts,  t h e  v ari a bilit y  m a y  i n cl u d e  t h e  l e n gt h,  
di a m et er a n d c hir alit y as w ell as t h e t u b e- e n d c o nfi g ur ati o n ( e n d- c a ps) . T h e v ari a bilit y i n
m or p h ol o g y is m u c h m or e pr o n o u n c e d i n a m ulti w all c ar b o n n a n ot u b e ( M W C N T), w hi c h 
is c o m p os e d of n est e d S W C N Ts. T h e a d diti o n al p ar a m et ers m a y i n cl u d e n a n ot u b e o ut er
a n d i n n er di a m et er, n u m b er of n est e d S W C N Ts ( w all t hi c k n ess).  
T h ost e ns o n  a n d  C h o u  ( 2 0 0 3)  h a v e  us e d  hi g h-r es ol uti o n  Tr a ns missi o n  El e ctr o n  













b ot h  t h e  distri b uti o n  of  n a n ot u b e  di a m et er  a n d  t h e  n a n ot u b e  w all  str u ct ur e.  Fi g ur e  1. 5  
s h o ws a T E M mi cr o gr a p h of a M W C N T, i n di c ati n g t h e o ut er ( d ) a n d i n n er (d i) di a m et er
a s w ell as a hist o gr a m f or t h e n a n ot u b e o utsi d e di a m et er distri b uti o n. 
Fi g ur e 1. 5 ( a) Di a m et er distri b uti o n of m ulti-w all e d c ar b o n n a n ot u b es t a k e n fr o m 
m e as ur e m e nts of ( b) T E M mi cr o gr a p hs ( T h ost e ns o n a n d C h o u 2 0 0 3). 
Alt h o u g h ot h er r es e ar c h ers h a v e w or k e d o n q u a ntif yi n g t h e u n c ert ai nt y i n n a n o-
i n cl usi o ns str u ct ur es a n d g e o m etri es ( as distri b uti o n) i n n a n o c o m p osit es ( T h ost e ns o n a n d 
C h o u 2 0 0 2 a n d 2 0 0 3, Y u et al. 2 0 1 1), t h er e is a l a c k of u n d erst a n di n g o n t h e eff e ct of 
t h os e u n c ert ai nti es i n d esi g n of str u ct ur es m ad e of or c o nt ai ni n g t h es e m at eri als. H e n c e, 
t h e  pr o b a bilisti c  a p pr o a c h  of  d esi g n  is  ne c ess ar y  i n  t h e  c o nt e xt  of  h y bri d  c o m p osit e  
d esi g n. 
T h e b asi c pr o b a bilisti c a p pr o a c h c a n b e s u m m ari z e d as t h e st atisti c al d efi niti o n of 
all  i n p ut  v ari a bl es  r e q uir e d  f or  str u ct ur al  a n al ysis  m et h o ds,  st atisti c al  d efi niti o n  of  t h e  
r es ulti n g str ess a n d str e n gt h of t h e str u ct ur e ass o ci at e d wit h pr e di ct e d f ail ur e m o d es, a n d 
e v al u ati o n  of  t h e  r es ulti n g  pr o b a bilit y  of  str u ct ur al  f ail ur e  ( L o n g  a n d  N ar cis o  1 9 9 9).
Fi g ur e 1. 6 ill ustr at es t his  pr o c ess.  T h e l eft- h a n d si d e sh o ws t h e v ari a bilit y  of i n p ut d at a 













h a n d si d e s h o ws t h e v ari o us c a p a biliti es of t h e str u ct ur e. T h e mi d dl e s h o ws t h e o ut p ut of 
t h e pr o c ess, t h at b ei n g a n a p pli e d str ess a n d r esisti v e c o m p o n e nt str e n gt h distri b uti o n, p er 
f ail ur e m o d e, wit h a n ass o ci at e d pr o b a bilit y of f ail ur e. 
Fi g ur e 1. 6 T h e c o n c e pt of pr o b a bilisti c a n al ysis ( L o n g a n d N ar cis o 1 9 9 9). 
S o m e of t h e a d v a nt a g es of pr o b a bilisti c d esi g n i n cl u d e ( b ut ar e n ot li mit e d t o) t h e 
f oll o wi n g ( L o n g a n d N ar cis o 1 9 9 9): 
1- E n a bli n g  q u a ntifi c ati o n  of  t h e  d esi g n  ris k  or  r eli a bilit y.  N A S A  d esi g n  
r e q uir e m e nts f or f ut ur e s p a c e v e hi cl es a n d str u ct ur es ar e e x p e ct e d t o b e s p e cifi e d 
i n r eli a bilit y t er ms ( R y a n a n d T o w ns e n d 1 9 9 4).
2- I d e ntif yi n g r e gi o ns of hi g h ris k i n a d esi g n. 
3- All o wi n g d et er mi n ati o n of e a c h d esi g n v a ri a bl e’s i m p ort a n c e t o r eli a bilit y. 
4- Pr o vi di n g a m e a ns t o c o m p ar e c o m p eti n g d esi g ns. 







6- R e d u ci n g u n n e c ess ar y c o ns er v atis m. 
7- Pr o vi di n g a m e a ns t o est a blis h w arr a nti es a n d s p ar e p arts p oli c y. 
T h e  f o c us  of  t his  diss ert a ti o n  is  t o  st u d y  t h e  m e c h a ni c al  c h ar a ct eristi cs  of  
n a n ofi b er  e n h a n c e d  p ol y m er  m atri x,  u n c er t ai nt y  q u a ntifi c ati o n  of  n a n o- e n h a n c e d  
c o m p osit e m at eri als, a n d r eli a bilit y- b as e d d e si g n o pti mi z ati o n of str u ct ur al c o m p o n e nts 
m a d e of h y bri d c o m p osit e m at eri als. I n t his  w or k, t h e u n c ert ai nti es i n b ot h m at eri al a n d 
str u ct ur e ar e pr o p a g at e d t o t h e r es p o ns e c h ar a ct eristi cs of t h e str u ct ur al c o m p o n e nt u n d er 
b u c kli n g a n d cr us h l o a ds a n d us e d i n R B D O of  s u c h c o m p o n e nts m a d e of n a n o- e n h a n c e d 
h y bri d c o m p osit e m at eri als. T h e pr o p a g ati o n of  t h e u n c ert ai nti es st e mmi n g fr o m m at eri al 
a n d  str u ct ur al  s o ur c es  is  d es cri b e d  b y  t h e  fl o w c h art  i n  Fi g.  1. 7.  D u e  t o  t h e  l a c k  of  
e x p eri m e nt al d at a f or all of t h e si z e a n d m e c h a ni c al pr o p erti es of c o nstit u e nt m at eri als, 
t h e  distri b uti o n  f u n cti o n  f or  e a c h  r a n d o m  v ari a bl e  is  ass u m e d.  T h e  m at eri al-l e v el  
n o n d et er mi nisti c v ari a bl es i n cl u d e : n a n ofi b er as p e ct r ati o, n an ofi b er w a vi n ess, i nt er p h as e 
t hi c k n ess,  a n d  t h e  i nt er p h as e  v ari atio n  p ar a m et er.  T h e  v ari ati o n  of  t h es e  
m at eri al/ g e o m etri c al  p ar a m et ers  m a y  a p p e ar  i n  t h e  o ut p uts  of  t h e  mi cr o m e c h a ni c al  
m at eri al  m o d el  (stiff n ess  a n d  str e n gt h)  i n  t h e  f or m  of  a  distri b uti o n  i nst e a d  of  
d et er mi nisti c o ut p ut v al u es. At t h e str u ct ur al l e v el, t h e d esi g n v ari a bl es ar e t h e g e o m etri c 
p ar a m et ers  of  t h e  str u ct ur e.  F or  e x a m pl e,  i n  t h e  c as e  of  a  c o m p osit e  c yli n d er,  t h e  
g e o m etri c p ar a m et ers ar e t h e h ei g ht, di a m et er , a n d t hi c k n ess of t he c yli n d er, w hi c h ar e 








Fi g ur e 1. 7 Fl o w c h art f or pr o p a g ati o n of u n c ert a i nti es i n a n al ysis of a h y bri d 
c o m p osit e str u ct ur e. 
T h e g e n er al fr a m e w or k f or R B D O of a h y bri d  c o m p osit e str u ct ure m a d e of fi b er-
r ei nf or c e d n a n o- e n h a n c e d c o m p osit e m at eri al is d es cri b e d b y t h e fl o w c h art i n Fi g. 1. 8. I n 
t his fr a m e w or k, a m at eri al m o d el is n e e d e d t o c al c ul at e t h e stiff n ess/str e n gt h pr o p erti es 
of t h e n a n o-r ei nf or c e d m atri x. A c o m p ut ati o n al t o ol is als o n e e d e d t o m o d el/si m ul at e t h e 
str u ct ur e f or cr us h/ b u c kli n g. F or b u c kli n g, w e will us e a F O R T R A N c o d e d e v el o p e d f or 
l a mi n at e d c o m p osit e s h ells i n w hi c h t h e i n p ut fil es f or m atri x pr o p erti es w o ul d b e t h e 
o ut p uts of t h e mi cr o m e c h a ni c al m at eri al m o d e l. F or mi cr o m e c h a ni c al m at eri al m o d el, a 
M A T L A B  c o d e  is  d e v el o p e d  t o  c al c ul at e  t h e  stiff n ess/str e n gt h  pr o p erti es  of  n a n o -
e n h a n c e d  m atri x  w hi c h  will  b e  d es cri b e d  i n  n e xt  c h a pt er.  F or  cr us h  si m ul ati o n,  t h e
pr o gr essi v e  f ail ur e  a n al ysis  c o d e,  G E N O A  ( A b di  1 9 9 6)  c o u pl e d  wit h  M D  N astr a n  is










Fi g ur e 1. 8 Fl o w c h art f or r eli a bilit y b as e d d esi g n  o pti mi z ati o n of a h y bri d c o m p osit e 
str u ct ur e. 
T h e  r e m ai n d er  of  t his  diss ert ati o n  is  or g a ni z e d  as  f oll o ws:  C h a pt er  II  pr o vi d es  
d et ails of t h e mi cr o m e c h a ni c al a p pr o a c h es us e d  i n t his r es e ar c h f or stiff n ess a n d str e n gt h
m o d eli n g  of  n a n o- e n h a n c e d  c o m p osit e  m at eri al s.  U n c ert ai nt y  m o d eli n g  is  d es cri b e d i n  
C h a pt er  III  wit h  d esi g n  o p ti mi z ati o n  u n d er  u n c ert ai nt y  pres e nt e d  i n  C h a pt er  I V.  T h e  
r es ults of t h e d esi g n o pti mi z ati o n u n d er u n c ert ai nt y f or t w o a p pli c ati o ns ( e. g. b u c kli n g 
a n d  cr us h)  ar e  pr es e nt e d  i n  C h a pt er  V.  C h a p t er  VI  gi v es  d et ails  of  t h e  c o m p ut ati o n al  
fr a m e w or k  d e v el o p e d  i n  t his  r es e ar c h.  T he  fi n al  C h a pt er  s u m m ari z es  t h e  r es e ar c h  






C H A P T E R II 
M E C H A NI C A L M O D E LI N G A P P R O A C H E S 
T h e  a d diti o n  of  n a n o-r ei nf or c e m e nts,  s u c h  as  c ar b o n  n a n ot u b es  ( C N Ts)  a n d  
c ar b o n n a n ofi b ers ( C N Fs), t o p ol y m er m atri x m at eri als h as b e e n s h o w n t o e n h a n c e t h e 
o v er all  stiff n ess  pr o p erti es  of  t h e  r es ulti n g  m at eri al,  h e n c ef ort h  r ef err e d  t o  as  n a n o -
e n h a n c e d  m atri x .  I n  h y bri d  m ultis c al e  c o m p osit e  m at eri als,  w h er e  c o n v e nti o n al  
r ei nf or ci n g fi b ers ar e c o m bi n e d wit h a n an o- e n h a n c e d m atri x, t h e n a n o-r ei nf or c e m e nt s 
c a n  i m pr o v e  t h e  i nt erf a ci al  s h e ar  str e n gt h  (I S S)  pr o p erti es  b et w e e n  t h e  c o n v e nti o n al  
fi b ers  a n d  t h e  n a n o- e n h a n c e d  m atri x  ( T h ost e ns o n  et  al.  2 0 0 2,  G ar g  et  al.  2 0 0 8).  I n  
a d diti o n,  it  m a y  i m pr o v e  t h e  b ul k  m atr i x  stiff n ess  a n d  str e n gt h  pr o p erti es  a n d  
c o ns e q u e ntl y e n h a n c e t h e o v er all m e c h a ni c al pr o p erti es of t h e h y bri d c o m p osit e m at eri al 
( C his h ol m a n d Bri ns o n 2 0 0 3, G oj n y at al. 2 0 0 5, Z h o u et al. 2 0 0 8). 
O n e of t h e c h all e n gi n g as p e cts of i ntr o d u c i n g n a n o- e n h a n c e d m atri x a n d h y bri d 
c o m p osit e  m at eri als  i n  i n d ustri al  d esi g n  a p p li c ati o ns  is  t h e  a c c ur at e  m o d eli n g  of  t h eir  
m e c h a ni c al r es p o ns e c h ar a ct eristi cs u n d er di ff er e nt b o u n d ar y c o n diti o ns. I n r e c e nt y e ars, 
m a n y m et h o ds h a v e b e e n d e v el o p e d t o pr e di ct t h e pr o p erti e s of n a n o- e n h a n c e d m atri x 
m at eri als at t h e at o mi c s c al e usi n g m ol e c ul a r d y n a mi cs si m ul ati o n ( M D S) ( O d e g ar d et al. 
2 0 0 2, 2 0 0 3) a n d at m a cr os c al e usi n g fi nit e el e m e nt si m ul ati o n ( F E S) wit h h o m o g e ni z e d 
pr o p erti es. Mi cr o m e c h a ni c al m et h o ds, w hi c h ar e b as e d o n t h e w or k of Es h el b y ( 1 9 5 7), 
h a v e  t h e  a bilit y  t o  c a pt ur e  p h e n o m e n a  i n  r el ati v el y  s m all  s c al es  as  w ell  as  h a vi n g  












( C his h ol m  a n d  Bri ns o n  2 0 0 3,  Br a ds h a w  et  al.  2 0 0 3)  u s e  b ot h  F E S  t e c h ni q u es  a n d  
mi cr o m e c h a ni c al m o d els f or pr o bl e ms i n v ol vi n g diff er e nt l e n gt h s c al es. 
T h e  l o c al  pr o p erti es  of  n a n o-r ei nf or c e d  c o m p osit e  m at eri als  v ar y  s p ati all y.  B y  
a v er a gi n g  t h e  l o c al  m at eri al  pr o p erti es  o v er  a  l ar g e  e n o u g h  r e pr es e nt ati v e  v ol u m e
el e m e nt ( R V E), t h e dis cr et e str u ct ur e of t h e m at eri al c a n b e r e pl a c e d b y a st atisti c all y
h o m o g e n e o us  m at eri al.  Diff er e nt  eff e cti v e  m e di u m  t h e ori es  i n  mi cr o m e c h a ni cs  h a v e  
b e e n d e v el o p e d t o esti m at e t h os e a v er a g e pr o p erti es. 
A g o o d pr e di cti v e m o d el m ust a c c o u nt f or b ot h g e o m etri c a n d p h ysi c al f e at ur es 
f o u n d  i n  n a n o-r ei nf or c e d  c o m p osit e  m at erials  s u c h  as  n a n ofi b er  w a vi n ess  a n d  t h e  
i nt er p h as e  b et w e e n  t h e  n a n o-r ei nf or c e m e nt  a n d  t h e  m atri x.  I n  t his  c h a pt er,  t hr o u g h  
m e c h a ni c al  m o d eli n g  a n d  si m u l ati o n,  t h e  i nfl u e n c e  of  C N F  r ei nf or c e m e nts  o n  el asti c  
(stiff n ess)  pr o p erti es  of  a  t h er m os et  p ol y m er  m atri x  (s u c h  as  vi n yl  est er)  m at eri al  is  
i n v esti g at e d.  T h e  eff e ct  of  i n h o m o g e n e o us (f u n cti o n all y  gr a d e d)  i nt er p h as e  is  als o  
c o nsi d er e d i n t h e stiff n ess pr e di cti o n m o d el.  A si mil ar st u d y w as p erf or m e d b y ( Y u et al. 
2 0 1 1) f or t h e eff e ct of w a vi n ess a n d h o m o g e n e o us  i nt er p h as e. Fi n all y, s o m e a n al yti c al 
a n d h y bri d m et h o ds d e v el o p e d, as p art of t h is r es e ar c h a n d els e w h er e, t o d et er mi n e t h e 
eff e cti v e  el asti c  pr o p erti es  of  n a n o- e n h a n c e d  m atri x  m at eri als  wit h  w a v y  n a n o -
r ei nf or c e m e nts ar e dis c uss e d.
Stiff n ess P r e di cti o n 
T w o mi cr o m e c h a ni c al a p pr o a c h es ar e us e d h er e t o d eri v e t h e stiff n ess pr o p erti es 
of t h e n a n o- e n h a n c e d m atri x wit h r a n d o ml y ori e nt e d C N Fs. I n t his s e cti o n, t h e n a n ofi b ers 











M ost m e a n fi el d t h e ori es i n c o nti n u u m mi cr o m e c h a ni cs ar e b as e d o n t h e w or k of 
Es h el b y ( 1 9 5 7) w h o d es cri b e d t h e el asti c fi el ds of a n elli ps oi d al r e gi o n (i n c l usi o n) i n a n
i nfi nit e  h o m o g e n e o us  is otr opi c  el asti c  m e di u m  ( m atri x) .  Es h el b y  ( 1 9 5 7)  st at e d  his  
tr a nsf or m ati o n pr o bl e m b y t h e f oll o wi n g st at e m e nt: 
“ A  r e gi o n  (t h e  ‘i n cl usi o n’)  i n  a n  i nfi nit e  h o m o g e n e o us  
is otr o pi c el asti c m e di u m u n d er g o es a c h a n g e of s h a p e a n d 
si z e  w hi c h,  b ut  f or  t h e  c o nstr ai nt  i m p os e d  b y  its  
s urr o u n di n gs  (t h e  ‘ m atri x’),  w o ul d  b e  a n  ar bitr ar y  
h o m o g e n e o us  str ai n.  W h at  is  t h e  el asti c  st at e  of  t h e  
i n cl usi o n a n d m atri x ? ”
H e s ol v e d t his pr o bl e m usi n g a s et of i m a gi n ar y c utti n g, str ai ni n g a n d w el di n g
o p er ati o ns as s h o w n i n Fi g. 2. 1. 
Fi g ur e 2. 1 Es h el b y’s c ut, str ai n a n d w el d pr o c e d ur e f or a misfitti n g elli ps oi d al 
i n h o m o g e n eit y a n d t h e c orr es p o n di n g eq ui v al e nt h o m o g e n e o us i n cl usi o n. 
( Wit h ers et al. 1 9 8 9) 
First, t h e r e gi o n t h at is t o u n d er g o tr a n sf or m ati o n (s h a p e a n d si z e c h a n g e) is c ut 
a n d  r e m o v e d  fr o m  t h e  m atri x.  T h e  is ol at e d  c ut  r e gi o n  is  all o w e d  t o  tr a nsf or m  i n  a n  








its  ori gi n al  u ntr a nsf or m e d  s h a p e  a n d  si z e.  I n t his  f or m,  it  m a y  b e  pl a c e d  b a c k  i n  t h e  
ori gi n al  l o c ati o n  t o  r ej oi n  t h e  m at eri al  s urr o u n di n g  t h e  c ut.  I n  t his  st at e,  str ess  i n  t h e  
m atri x is z er o a n d h as a k n o w n c o nst a nt v al u e i n t h e i n cl usi o n. O n e m a y c o nsi d er t h e 
a p pli e d s urf a c e tr a cti o n as a l a y er of b o d y f or c e distri b ut e d o v er t h e i nt erf a c e b et w e e n 
m atri x a n d i n cl usi o n. T his u n w a nt e d l a y er n e e ds t o b e r e m o v e d t o c o m pl et e t h e s ol uti o n. 
T o  t his  e n d,  a n  e q u al  a n d  o p p osit e  l a y er  of  b o d y  f or c e  is  a p pli e d,  i ntr o d u ci n g  a n  
a d diti o n al el asti c fi el d, w hi c h m a y b e f o u n d b y i nt e gr ati o n fr o m t h e e x pr essi o n f or t h e 
el asti c fi el d of a p oi nt f or c e. S o f ar, t h e i n cl usi o n m a y h a v e  a n y s h a p e. H o w e v er, Es h el b y 
s h o w e d t h at if it is elli ps oi d al, t h e str ess wit hi n t h e i n cl usi o n is u nif or m.  
A m or e e xt e nsi v e d es cri pti o n of t h es e c al c ul ati o ns c a n b e f o u n d i n t h e lit er at ur e 
( P hili ps 2 0 0 1, M ur a 1 9 8 7, K h a c h at ur y a n 1 9 8 3). P hili ps ( 2 0 0 1) a n d M ur a ( 1 9 8 7) i n v o k e 
t h e el asti c Gr e e n’s f u n cti o n t o s ol v e  t h e  tr a nsf or m ati o n  pr o bl e m f or  a  si n gl e  i n cl usi o n
w hil e  K h a c h at ur y a n  ( 1 9 8 3)  d es cri b es  t h e  g e n e r ali z ati o n  of  t h e  i ncl usi o n  pr o bl e m  t o  
m ulti pl e i n cl usi o ns/ ei g e nstr ai ns. Es h el b y ( wit h his c ut, str ai n a n d w el d) h as s h o w n t h at 
t h e tr a nsf or m ati o n pr o bl e m is e q ui v al e nt t o s ol vi n g t h e e q u ati o ns of el asti c e q uili bri u m of 
a h o m o g e n e o us b o d y wit h a k n o w n b o d y f or c e distri b uti o n. 
F or t h e c as e t h at t h e elli p s oi d al r e gi o n i n t h e s oli d d o m ai n h as el asti c c o nst a nts 
diff er e nt  fr o m  t h os e  of  its  s urr o u n di n g  d o m ai n  (if  t h e  c o nst a nts  ar e  z er o  wit hi n  t h e  
elli ps oi d,  it  r e pr es e nts  a  c a vit y  or  v oi d),  t h e  elli ps oi d al  i n cl usi o n  is  c all e d  a n  
i n h o m o g e n eit y  a n d  Es h el b y  c all e d  t h e  pr o bl e m t h e  i n h o m o g e n eit y  pr o bl e m.  A  w a y  t o  
s ol v e  t his  pr o bl e m  is  t o  r e pl a c e  t h e  i n h o m o g e n eit y  wit h  a n  e q ui v al e nt  ( h y p ot h eti c al)  
i n cl usi o n. T h e ei g e nstr ai n i n t h e e q ui v al e nt i n clusi o n m ust b e s u c h t h at  it e x erts t h e s a m e
a cti o n o n its s urr o u n di n g ( m atri x) as t h e ori gi n al i n h o m o g e n eit y. S o, b asi c all y o n e m a y 












m at h e m ati c al t e c h ni q u es w h er e o n e s ol v es a pr o bl e m b y r e d u ci n g it t o a n ot h er o n e wit h a 
k n o w n s ol uti o n. 
Es h el b y, i n his i n cl usi o n a n d i n h o m o g e n eit y pr o bl e ms, s h o w e d t h at b y k n o wi n g 
o nl y t h e u nif or m str ai n i nsi d e  t h e elli ps oi d, o n e m a y fi n d t h e f oll o wi n g it e ms of p h ysi c al 
or e n gi n e eri n g i nt er est: 
1-  T h e el asti c fi el d f ar fr o m t h e i n cl usi o n. 
2- T h e t ot al str ai n e n er g y i n m a tri x a n d t h e i n cl usi o n.  
3- T h e  i nt er a cti o n  e n er g y  of  t h e  el asti c  fi el d  of  t h e  i n cl usi o n  wit h  a n ot h er  el asti c
fi el d. 
4- T h e el asti c fi el d f ar fr o m a n i n h o m o g e n eit y. 
5- All  t h e  str ess  a n d  str ai n  c o m p o n e nts  at  a  p oi nt  i m m e di at el y  o utsi d e  t h e  
i n h o m o g e n eit y (s ol vi n g t h e pr o bl e m of str ess c o n c e ntr ati o n). 
6- T h e i nt er a cti o n e n er g y of t h e i n h o m o g e n eit y wit h a n el asti c fi el d. 
7- T h e c h a n g e i n t h e gr oss el asti c c o nst a nts of  a m at eri al w h e n a dil ut e dis p ersi o n of 
elli ps oi d al i n h o m o g e n eiti es is i ntr o d u c e d i nt o it. 
It e ms ( 1) t o ( 4) c a n als o b e f o u n d f or a n i n cl usi o n of ar bitr ar y s h a p e, ( 1) a n d ( 4) 
usi n g si m pl e st e ps, ( 2) a n d ( 3) if o n e c a n e v al u at e t h e n e c ess ar y i nt e gr als. It e ms ( 5) a n d 
( 8) c a n o nl y b e f o u n d if t h e s h a p e is elli ps oi d al. C h a n gi n g t h e di m e nsi o ns of t h e elli ps oi d
t o  t h eir  g e o m etri c al  li mits,  o n e  m a y  utili ze  t h e  Es h el b y  s ol uti o n  f or  i n cl usi o ns  wit h  
s e v er al diff er e nt g e o m etri es s u c h as  s p h er es, pl at el ets or fi b ers. 
As o n e of his m aj or c o ntri b uti o ns, Es h el b y s h o w e d t h at if a n el asti c h o m o g e n e o us 
elli ps oi d al  i n cl usi o n,  s urr o u n d e d  b y  a n  i nfi nit e  li n e ar- el asti c  m atri x,  is  s u bj e ct e d  t o  a  





                                                       
 
str ai n ”, or “str ess-fr e e str ai n ”), a u nif or m str ai n e C  is i n d u c e d i n t h e co nstr ai n e d i n cl usi o n, 
w hi c h is pr o p orti o n al t o t h e i n d u c e d u n c o nstr ai n e d str ai n as 
e C   S  e T ( 2. 1) 
w h er e S  is  t h e  i nt eri or  p oi nt  Es h el b y  f o urt h- o r d er  t e ns or  t h at  d e p e n ds  s ol el y  o n  t h e  
g e o m etr y  of  t h e  i n cl usi o n  a n d  t h e  P oiss o n’ s  r ati o  of  t h e  s urr o u n di n g  m atri x  ( Es h el b y  
1 9 5 7, M ori- T a n a k a 1 9 7 3, B e n v e nist e 1 9 8 7, M u r a 1 9 8 7, N e m at- N ass er a n d H ori 1 9 9 3). 
T h e  Es h el b y  t e ns or  S  b asi c all y  r el at es  t h e  fi n al  c o ns tr ai n e d  i n cl usi o n  s h a p e  t o  t h e  
ori gi n al s h a p e mis m at c h b et w e e n t h e m atr i x a n d t h e i n cl usi o n. I n E q. ( 2. 1), e T  m a y b e 
a n y ki n d of ei g e nstr ai n ( e. g., t h er m al str ai n) t h at d o es n ot c h a n g e t h e el asti c c o nst a nts of 
t h e  i n cl usi o n  a n d  is  u nif or m  o v er  t h e  i n clusi o n  (s e e  Fi g.  2. 1).  F or  i n h o m o g e n eiti es  
e m b e d d e d i n a m atri x, w hi c h h a v e pr o p erti es diff er e nt fr o m t h eir s urr o u n di n g m atri x, t h e 
c o n c e pt  of  e q ui v al e nt  h o m o g e n e o us  i n cl usi o ns  is  i ntr o d u c e d  t o  h a n dl e  t h e  m e a n  fi el d  
d es cri pti o n  of  m atri x-i n h o m o g e n eit y  c o m p osit e s.  Fi g ur e  2. 1  ill ustr at es  t h e  e q ui v al e nt  
i n cl usi o n  pr o c e d ur e  f or  a  m atri x-i n h o m o g e n eit y  s yst e m  usi n g  Es h el b y’s  c utti n g  a n d  
w el di n g e x er cis es. T h e e q ui v al e nt i n cl usi o n m et h o d ( Es h el b y 1 9 5 7, M ur a 1 9 8 7) pr o vi d es 
a first- or d er a p pr o xi m ati o n, r es ulti n g i n a n e x pli cit o ut c o m e f or t h e o v er all stiff n ess of a 
c o m p osit e  ass u mi n g  t h e  p arti cl es  d o  n ot  s e ns e  e a c h  ot h er  (t h e  p arti c l es’  i nt er a cti o n  is  
n e gl e ct e d). T his li mits its a c c ur a c y t o v er y s m all v ol u m e fr a cti o n of p arti cl es (i n cl usi o ns 
or i n h o m o g e n eiti es). A b ett er a p pr o xi m ati o n, c o nsi d eri n g a w e a k i n t er a cti o n b et w e e n t h e 
p arti cl es, is t h e M ori- T a n a k a s c h e m e ( M ori a n d T a n a k a 1 9 7 3, B e n v e nist e 1 9 8 7), w hi c h is 












G e n e r al 3- Di m e nsi o n al M o ri- T a n a k a H o m o g e ni z ati o n S c h e m e
T h e M ori- T a n a k a ( M- T) h o m o g e ni z ati o n s c h e m e is a mi cr o m e c h a ni c al t e c h ni q u e 
t o  a p pr o xi m at e  t h e  el asti c  pro p erti es  of  a  n a n o- e n h a n c e d  m atri x.  As  m ost  m e a n  fi el d  
t h e ori es i n c o nti n u u m mi cr o m e c h a ni cs, M- T is als o b as e d o n t h e w or k of Es h el b y ( 1 9 5 7).  
O n e of t h e a d v a nt a g es of Es h el b y-s ol uti o n- b as e d a p pr o a c h es is t h at t h e g e o m etr y 
of t h e elli ps oi d al i n h o m o g e n eit y m a y b e m a ni p u l at e d t o o bt ai n t h e el asti c pr o p erti es of 
t h e  c o m p osit e  m at eri al  f or  diff er e nt  t y p es  of  i n h o m o g e n eiti es  ( e. g.,  c yli n dri c al  fi b ers,  
elli pti c or cir c ul ar pl at el ets,  or s p h eri c al r ei nf or c e m e nts). H o w e v er, si n c e t h e i nt er a cti o n 
a m o n g  i n h o m o g e n eiti es  ( e q ui v al e nt  i n cl usi o ns )  is  i g n or e d,  it  o nl y  a p pli es  t o  “ dil ut e ”  
i n h o m o g e n e o us- m atri x c o m p osit e m at eri als wit h r ei nf or c e m e nt v ol u m e fr a cti o ns of l ess 
t h a n a f e w p er c e nt (f < < 1 0 %). F or t h e c as e of r el ati v el y hi g h v ol u m e fr a cti o ns, t h er e ar e 
s e v er al t h e or eti c al d es cri pti o ns of el asti c b e h a vi or of i n h o m o g e n e o us- m atri x c o m p osit e 
m at eri als t h at e x pli citl y a c c o u nt f or c oll e cti v e i nt er a cti o ns a m o n g i n h o m o g e n eiti es. F or 
t h e  c as e  of  r el ati v el y  hi g h  v ol u m e  fr a cti o ns  (f ≥  3 0 %),  t h er e  ar e  s e v er al  t h e or eti c al  
d es cri pti o ns  of  el asti c  b e h a vi or  of  i n h o m o g e n e o us- m atri x  c o m p osit e  m at eri als  t h at  
e x pli citl y a c c o u nt f or c oll e c ti v e i nt er a cti o ns a m o n g i n h o m o ge n eiti es. T h e M- T m et h o d is 
o n e  of  t h os e  mi cr o m e c h a ni c al  a p pr o a c h es  t h at  c o nsi d er  a  w e a k  i nt er a cti o n  a m o n g  t h e
i n h o m o g e n eiti es. It c a n esti m at e t h e el asti c pr o perti es of a s e mi- dil ut e c o m p osit e m at eri al 
u p t o a v ol u m e fr a cti o n of  a p pr o xi m at el y 0. 3 (f < 3 0 %) ( Fri e dri c h et al. 2 0 0 5). 
S o f ar, o n e of t h e c h all e n gi n g iss u es i n  m a n uf a ct uri n g n a n o-r ei nf or c e d c o m p osit e 
m at eri als h as b e e n t h e dis p ersi o n a n d distri b u ti o n of n a n o-r ei nf or c e m e nts i n t h e m atri x.
F or e x a m pl e, l a b or at or y e x p eri m e nts s h o w t h at C N Fs t e n d t o a g gl o m er at e i n t h er m os et 
p ol y m ers r es ulti n g i n t h e f or m ati o n of str ess c o n c e ntr ati o ns i n t h e c o m p osit e m at eri al a n d 







                                       
 
 
                                          
et al. 2 0 0 8). S u c h a g gl o m er ati o ns li mit t h e v al u e of f s o t h at aft er a t hr es h ol d li mit is
r e a c h e d,  t h e  str e n gt h  pr o p erti es  of  t h e  c o mp osit e  m at eri al  b e gi n  t o  di mi nis h.  S e v er al  
m et h o ds ( e. g., s o ni c ati o n, hi g h s h e ar mi xi n g)  ( Fri e dri c h et al. 2 0 0 5, Z h o u et al. 2 0 0 8) 
h a v e b e e n us e d t o i m pr o v e t h e dis p ersi o n of n a n o-r ei nf or c e m e nts i n t h e m atri x, b ut o n e 
of  t h e  bi g g est  dis a d v a nt a g es  of  t h es e  m et h o ds  is  t h at  t h e y  m a y  br e a k  t h e  n a n o -
r ei nf or c e m e nts  a n d  c o ns e q u e ntl y  l ess e n t h e  e n h a n c e m e nt  pr o vi d e d  b y  t h e  n a n o -
r ei nf or c e m e nts.  Si n c e  t h e  v ol u m e  fr a cti o n  of n a n o-r ei nf or c e m e nts  is  t y pi c all y  l o w,
mi cr o m e c h a ni c al  t e c h ni q u es  s u c h  as  M- T  m a y  b e  us e d  f or  pr e di cti n g  t h e  eff e cti v e  
pr o p erti es of n a n o- e n h a n c e d m atri x m at eri als.  
F or  a  c o m p osit e  m at eri al  c o nsisti n g  of  t w o  c o nstit u e nts,  t h e  M- T  m et h o d  
esti m at es t h e eff e cti v e stiff n ess t e ns or as ( Q u a n d C h er k a o ui 2 0 0 6) 
L   0 f1  L 1  0 )T   f0 f T 
 1
 ( 2. 2)M T L  ( L   I  1   
w h er e t h e s u bs cri pts 0 a n d 1 r e pr es e nt m a tri x a n d r ei nf or c e m e nt, r es p e cti v el y,  L  is t h e 
f o urt h- or d er stiff n ess t e ns or, f is t h e v ol u m e fr a cti o n, I is t h e f o urt h- or d er i d e ntit y t e ns or, 
a n d T  r el at es  t h e  u nif or m  str ai n  i n  a n  i n h o m o g e n eit y  e m b e d d e d  i n  a n  eff e cti v e  
c o nti n u u m t o t h e a v er a g e m atri x  str ai n. T h e c url y br a c k ets { } ar e us e d t o d e n ot e p h ysi c al 
pr o p erti es  a v er a g e d  o v er  all  p ossi bl e  i n h o m o g e n eit y  ori e nt ati o ns.  F or  a n  elli ps oi d al  
i n h o m o g e n eit y, T  m a y b e c al c ul at e d as 
    1 
 1
T   I  S L 0 (L 1  L 0 )  ( 2. 3)  
w h er e S  is t h e f o urt h- or d er i nt eri or Es h el b y t ens or t h at o nl y d e p e n ds  o n t h e g e o m etr y of 
t h e i n h o m o g e n eit y a n d t h e P oiss o n’s r ati o of t h e m atri x. H a vi n g t h e v ol u m e fr a cti o ns (f) 









                        
 
 
i n h o m o g e n eiti es  (  S ),  o n e  m a y  i m pl e m e nt  t h e  mi cr o m e c h a ni c al  m o d el  b as e d  o n  E qs.  
( 2. 2) a n d ( 2. 3). 
Fi g ur e 2. 2 A s p ati all y ori e nt e d elli ps oi d al i n h o m o g e n eit y ( H u a n g, J. H. 2 0 0 1). 
W h e n t h e i n h o m o g e n eit y is i n t h e f or m  of n o n- ali g n e d (r a n d o m)  dis c o nti n u o us 
fi b ers, it is n e c ess ar y t o a v er a g e t h e stiff n ess t e ns or o v er all p ossi bl e fi b er ori e nt ati o ns. 
Fi g ur e 2. 2 s h o ws a r ot at e d elli ps oi d al i n h o m o g e n eit y a n d t h e r el at e d ori e nt ati o n a n gl es 
n e c ess ar y t o a v er a g e t h e stiff n ess t e ns or  o v er all p ossi bl e dir e cti o ns ( H u a n g 2 0 0 1).  
I n or d er t o i n cl u d e t h e stiff n ess c o ntri b uti o n fr o m all ori e nt ati o ns, L h as t o b e 
tr a nsf or m e d,  m ulti pli e d  b y  a n  ori e nt ati o n  distri b uti o n  f u n cti o n,  a n d  i nt e gr at e d  o v er  all  
p ossi bl e ori e nt ati o ns usi n g ( M ur a 1 9 8 7, S c hj o dt- T h o ms e n a n d P yr z 2 0 0 1) 
2   2  
{ L >}   g ( )a a a a L si n(  ) d d dij kl     i p  j q  kr  ls  ij kl       ( 2. 4)0 0 0 
w h er e g (φ )  i s  t h e  ori e nt ati o n  distri b uti o n  f u n cti o n  a n d  a ij ar e  f u n cti o ns  of  ori e nt ati o n
a n gl es i n Fi g. 2. 2 a n d f o u n d as 
2 3 
 





                          
 
 a 1 1  c os(  ) c os( ) c os( )  si n( ) si n( )

a 1 2   c os(  ) c os( ) si n( )  si n( ) c os( )  
 a 1 3  si n( ) c os( )
  
  2 1  c os(  ) si n( ) c os( )  c os( ) si n(  )a    
  ( 2. 5)a ij( ,i j 1, 2, 3)    a 2 2    c os(  ) si n( ) si n( )  c os( ) c os( ) 
 a 2 3  si n( ) si n( )  
 a 3 1   si n( ) c os(  )
  
a 3 2  si n( ) si n( )  
 a  c os( )  3 3 
M a e k a w a et al. ( 1 9 8 9) us e d a n i n c o m pl et e b et a f u n cti o n f or g (φ ) t o a c c o u nt f or 
p arti all y  ali g n e d  fi b ers.  F or  t h e  c as e  of  r a n d o ml y  ori e nt e d  fi b ers,  g (φ )  h as  a  c o nst a nt  
1
v al u e ( M ur a 1 9 8 7, M a e k a w a et al. 1 9 8 9), g ( )   . 
8  2 
A s a p art of t his r es e ar c h, t h e M- T s c h e m e, c a pt ur e d b y E qs. ( 2. 1) t hr o u g h ( 2. 5), 
w as i m pl e m e nt e d i n M A T L A B. I n or d er t o v ali d at e t his i m pl e m e nt ati o n, t h e pr o p erti es of 
p ol y pr o p yl e n e m atri x a n d gl ass fi b ers, wit h E 0  = 1. 5 G P a, ν 0  = 0. 3 2, E 1  = 7 3 G P a, ν 1  = 
0. 2 2  a n d t h e fi b er v ol u m e fr a cti o n, f 1  = 0. 3 5 w er e us e d t o c al c ul at e t h e eff e cti v e stiff n ess 
t e ns or.  Ass u mi n g  t h e  gl ass  fi b ers  ar e  r e pres e nt e d  b y  r a n d o ml y  distri b ut e d  s p h eri c al  
p arti cl es wit h is otr o pi c pr o p e rti es a n d usi n g t h e pr o c e d ure i n ( M ori a n d T a n a k a 1 9 7 3),
t h e eff e cti v e stiff n ess t e ns or r e d u ces t o a 6 x 6 m atri x i n t h e f or m  
 4. 0 3  1. 6 7  1. 6 7  0  0  0  
 1. 6 7  4. 0 3  1. 6 7  0  0  0  
 M T 
1. 6 7  1. 6 7  4. 0 3  0  0  0  ( 2. 6)
L      G P a   0  0  0 1. 1 8  0  0  
 0  0  0  0 1. 1 8  0   
 
0  0  0 0 0 1. 1 8    
T h e o v er all pr o p erti es ar e f o u n d t o b e E M T  = 3. 0 5 G P a a n d ν M T  = 0. 2 9, w hi c h 
m at c h t h os e r e p ort e d i n t h e lit er at ur e ( S c h j o dt- T h o ms e n a n d P yr z 2 0 0 1). F or t h e c as e of 
C N F  as  t h e  n a n o-r ei nf or c e m e nt  a n d  vi n yl  est er  r esi n  as  t h e  m atri x  wit h  t h e  f oll o wi n g  









ill ustr at es  t h e  v ari ati o n  of  t h e  Y o u n g’s  m o d ul us  of  t h e  n a n o- e n h a n c e d  m atri x  as  a  
f u n cti o n  of  C N F  as p e ct  r ati o  f or  diff er e nt  v ol u m e  fr a cti o ns  usi n g  t h e  M- T  
h o m o g e ni z ati o n s c h e m e. T h e Y o u n g’s m o d ul us a p p e ars t o b e hi g hl y i nfl u e n c e d b y t h e 
C N F as p e ct r ati o u p t o a li mit of a p pr o xi m at e l y 2 0 0, aft er w hi c h t h er e is n o m o d ul us 
e n h a n c e m e nt ( R o u hi et al. 2 0 1 0, Y u et al. 2 0 1 1). 
Fi g ur e 2. 4 s h o ws t h e eff e ct of C N F v ol u m e fr a cti o n o n t h e Y o u n g’s m o d ul us of 
t h e n a n o- e n h a n c e d m atri x f or diff er e nt C N F as p e ct r ati os. At l o w v ol u m e fr a cti o ns, t h e 
M- T h o m o g e ni z ati o n s c h e m e s h o ws a n e arl y li n e ar e n h a n c e m e nt i n t h e Y o u n g’s m o d ul us 
wit h i n cr e asi n g C N F v ol u m e fr a cti o n t h at is m u c h l o w er t h a n t h at pr e di ct e d b y t h e si m pl e 
r ul e  of  mi xt ur es  ( u p p er  b o u n d).  It  a p p e ars  t hat  t h e  eff e ct  of  as p e ct  r ati o  is  m or e  
pr o n o u n c e d at hi g h er C N F v ol u m e fr a cti o ns. Al t h o u g h t h e c ur v es i n Fi g. 2. 4 ar e s h o w n 
f or t h e C N F v ol u m e fr a cti o n r a n g e of z er o t o o n e, t h eir a c c ur a c y di mi nis h es b e y o n d f = 
0. 3. 







                                          
Fi g ur e 2. 4 V ari ati o n of t h e Y o u n g’s m o d ul us as a f u n cti o n of v ol u m e fr a cti o n. 
Q u asi-Is ot r o pi c L a mi n at e A p p r o xi m ati o n M et h o d 
F or t h e c as e of u ni dir e cti o n all y ali g n e d dis c o nti n u o us i n h o m o g e n eiti es, T a n d o n 
a n d  W e n g  ( 1 9 8 4)  d e v el o p e d  a  si m plifi e d  a p pr o a c h  b as e d  o n  t h e  M- T  h o m o g e ni z ati o n  
s c h e m e  t o  c al c ul at e  t h e  eff e cti v e  pr o p erti e s  of  a n  e n h a n c e d  m atri x,  m o d el e d  as  a  
tr a ns v ers el y  is otr o pi c  m at erial,  t h at  c o nt ai ns  ali g n e d  i n h o m o g e n eiti es  of  k n o w n  as p e ct  
r ati o  a n d  el asti c  pr o p erti es  i n  a  2- di m e nsio n al  s p a c e.  T h e y  s h o w e d  t h at  f or  a  s m all  
v ol u m e  fr a cti o n  of  i n h o m o g e n eiti es  ( e. g.,  C N F),  t h e  eff e cti v e  or  h o m o g e ni z e d  el asti c  
c o nst a nts ass o ci at e d wit h t h e tr a ns v ers el y is otr o pi c c o m p osit e m at eri al c a n b e c al c ul at e d 
a n al yti c all y as 
E 1 1 1
1 (  2  ) /  E 0  f A1  v 0 A 2 A 
E 12 2 
E 1  f [( 2 v  A   v A)    ) A  A  ( 1   ( 1  v A ] /0 0 3  0 4  0 5 
G f 
( 2. 7) 
1 2 1 
G G0 0  2( 1  f S)
G G  
1 2 1 2 
1   0 
G 2 3 f1   
GG 00  2( 1  f S) 2 3 2 3










w h er e E ij a n d G ij r e pr es e nt t h e el astic a n d s h e ar m o d uli, f is t h e i n h o m o g e n eit y v ol u m e
fr a cti o n, ν 0  is t h e P oiss o n’s r ati o of t h e m atri x, a n d A 1 - A5 a n d  A ar e c o nst a nts c al c ul at e d 
fr o m  t h e  g e o m etri c  pr o p erti es  of  t h e  i n h o mo g e n eit y  a n d  t h e  el asti c  pr o p erti es  of  b ot h  
i n h o m o g e n eit y a n d m atri x m at eri als as s h o w n i n ( T a n d o n a n d W e n g 1 9 8 4). T h e S ij kl’ s ar e 
t h e  c o m p o n e nts  of  t h e  Es h el b y’s  t e ns or  c al c ul at e d  fr o m  t h e  as p e ct  r ati o  of  t h e  
i n h o m o g e n eit y a n d t h e P oiss o n’s r ati o of t h e m atri x.  
Fi g ur es 2. 5 t hr o u g h 2. 8 ill ustr at e t h e v ari at i o n of t h e el asti c pr o p erti es of n a n o-
e n h a n c e d m atri x wit h u ni dir e cti o n all y ali g n e d C N F r ei nf or c e m e nts as a f u n cti o n of C N F 
v ol u m e  fr a cti o n  usi n g  t h e  si m plifi e d  2- di m e nsi o n al  M- T  b as e d  a p pr o a c h  ( T a n d o n  a n d  
W e n g  1 9 8 4).   Fi g ur e  2. 5  s h o ws  t h e  eff e ct of as p e ct r ati o o n E 1 1  r e a c hi n g a s at ur ati o n
p oi nt b e y o n d t h e v al u e of 1 0 0 wit h  si g nifi c a nt v ari ati o n b el o w t his v al u e. I n Fi g. 2. 6, t h e 
p oi nt of s at ur ati o n f or E 2 2  a p p e ars t o b e cl os e t o t h e as p e ct r ati o of o n e. 
Fi g ur e 2. 5 V ari ati o n of l o n git u di n al Y o u n g’s m o d ul us as a f u n cti o n of v ol u m e 











Fi g ur e 2. 6  V ari ati o n of tr a ns v ers e Y o u n g’s m o d ul u s as a f u n cti o n of v ol u m e fr a cti o n. 
Fi g ur e 2. 7 V ari ati o n of i n- pl a n e s h e ar m o d ul us as a f u n cti o n of v ol u m e fr a cti o n. 
Fi g ur e 2. 8 V ari ati o n of o ut- of- pl a n e s h e ar m o d u l us as a f u n cti o n of v ol u m e fr a cti o n. 
Fi g ur es  2. 9  t hr o u g h  2. 1 2  s h o w  t h e  eff e ct  of  as p e ct  r ati o  o n  l o n git u di n al,  











e a c h  c as e  at  as p e ct  r ati o  of  a p pr o xi m at el y  2 0 0.  H o w e v er,  it  is  i m p ort a nt  t o  n ot e  t h e  
diff er e n c e i n t h e r a n g e of v al u es al o n g t h e v erti c al a xis i n e a c h fi g ur e. 
Fi g ur e 2. 9 V ari ati o n of l o n git u di n al Y o u n g’s m o d ul us  as a f u n cti o n of as p e ct r ati o f or 
f = 0. 0 5 
Fi g ur e 2. 1 0 V ari ati o n of tr a ns v ers e Y o u n g’s m o d ul us as a f u n cti o n of as p e ct r ati o f or 












Fi g ur e 2. 1 1 V ari ati o n of i n- pl a n e s h e ar m o d ul us  as a f u n cti o n of as p e ct r ati o f or  
f = 0. 0 5. 
Fi g ur e 2. 1 2 V ari ati o n of o ut of pl a n e s h e ar m o d ul us as a f u n cti o n of as p e ct r ati o f or 
f = 0. 0 5. 
H a vi n g  f o u n d  t h e  stiff n ess  pr o p erti es  of  t h e  u ni dir e cti o n all y  ali g n e d  n a n o -
e n h a n c e d m atri x, t h e a p pr o a c h s u g g est e d b y G ar g  et al. ( 2 0 0 8) is us e d t o a p pr o xi m at e t h e 
i n- pl a n e el asti c pr o p erti es f or t h e c as e of r an d o ml y distri b ut e d n a n o-r ei nf or c e m e nts. I n 
t his  a p pr o a c h,  t h e  m atri x  is  tr e at e d  as  a n  e q ui v al e nt  q u asi-i s otr o pi c  [ 0/ 4 5/- 4 5/ 9 0] s 
l a mi n at e m a d e of m ulti pl e l a y ers of alig n e d n a n o- e n h a n c e d m atri x m at eri al. Ass u mi n g 
t h e  o ut- of- pl a n e  el astic  pr o p erti es  ar e  e q u al  t o  t h e  i n- p l a n e  v al u es,  it  is  p ossi bl e  t o  
a p pr o xi m at e t h e eff e ct of 3- di m e nsi o n al r a n d o m  ori e nt ati o n of C N F i n t h e m atri x. Fi g ur e 








         
 
 
       
         
 
         
 
         
 
         
         
 
         
 
         
Fi g ur e 2. 1 3 Q u asi-is otr o pi c l a mi n at e a p pr o xi m ati o n pr o c e d ur e 
T a bl e 2. 1 s h o ws t h e c o m p aris o n b et w e e n t h e c al c ul at e d stiff n ess pr o p erti es usi n g 
a  g e n er al  3- di m e nsi o n al  M- T  s c h e m e  a n d  t h e  q u asi-is otr o pi c  l a mi n at e  ( QI L)  
a p pr o xi m ati o n.  O nl y  at  v er y  l o w  v ol u m e  fr a cti o ns,  t h e  QI L  a p pr o xi m ati o n  pr o d u c es  a  
v al u e f or t h e Y o u n g’s m o d ul us t h at is i n r e as o n a bl e a gr e e m e nt wit h t h e o n e c al c ul at e d 
usi n g t h e M- T a p pr o a c h. T h e diff er e n c e b et w e e n t h e t w o a p pr o a c h es  i n cr e as es as C N F 
v ol u m e  fr a cti o n  or  as p e ct  r ati o  is  i n cr e as e d .  F or  as p e ct  r ati o  of  1,  t h e  QI L  esti m at e d  
v al u es ar e l ess t h a n t h os e of M- T, wit h t h e di ff er e n c e i n cr e asi n g t o as m u c h as 5 5 % as t h e 
C N F v ol u m e fr a cti o n r e a c h es 0. 4. F or all t h e ot h er as p e ct r ati os s h o w n i n T a bl e 2. 1, t h e 
QI L- b as e d  v al u es  o v er esti m at e  t h os e  of  M- T.  T h e  r es ults  i n di c at e  t h at  QI L  
a p pr o xi m ati o n s h o ul d b e us e d c a uti o usl y a n d o nl y f or v er y dil ut e n a n o- e n h a n c e d m atri x 
m at eri al s. 
T a bl e 2. 1 Pr e di ct e d el asti c m o d ul us of C N F r ei nf o r c e d vi n yl est er f or diff er e nt as p e ct 
r ati os a n d v ol u m e fr a cti o ns usi n g M-T s c h e m e a n d q u asi-is otr o pi c l a mi n at e 
( QI L) a p pr o xi m ati o n. 
f 0. 0 1 0. 0 5 0. 1 0. 2 0. 4 A R 
E M- T 
( G P a)
3. 5 7  3. 8 8 4. 3 0  5. 2 9  8. 2 3  
1 
E Q I L ( G P a) 3. 5 1 3. 5 3  3. 5 5  3. 5 9  3. 6 6  
E M- T ( G P a) 3. 6 7 4. 3 6  5. 3 2  7. 5 5  1 4. 0 9  1 0
E Q I L ( G P a) 3. 8 8 4. 9 7  6. 4 7  9. 9 1  1 9. 6 9  
E M- T ( G P a) 4. 2 3 7. 2 5  1 1. 3 0  2 0. 6 0  4 6. 2 1  1 0 0 
E Q I L ( G P a) 4. 9 0 1 0. 3 6  1 7. 2 7  3 1. 4 2  6 1. 3 1  
E M- T ( G P a) 4. 2 9 7. 5 6  1 1. 9 5  2 1. 9 9  4 9. 4 6  1 0 0 0 









St r e n gt h P r e di cti o n Usi n g S h e a r L a g T h e o r y 
I n s h ort or dis c o nti n u o us fib er r ei nf or c e d c o m p osit e m at eri als, l o a d is a p pli e d t o 
t h e m atri x a n d tr a nsf err e d t o t h e fi b ers t hro u g h t h e fi b er s urf a c e, wit h m ost of t h e l o a d 
tr a nsf er t a ki n g pl a c e n e ar t h e en ds of t h e fi b ers. W h e n t h e l e n gt h of t h e fi b ers is gr e at er 
t h a n t h e l o a d tr a nsf er z o n e at t h e e n ds, t h e e n d eff e cts c a n b e n e gl e ct e d a n d fi b ers m a y b e 
c o nsi d er e d as c o nti n u o us. H o w e v er, i n s h ort fi b er c o m p osit e m at eri als, t h e e n d eff e cts 
c a n n ot b e n e gl e ct e d as t h e str e n gt h pr o p erti es ar e si g nifi c a ntl y i nfl u e n c e d  b y t h e l e n gt h of 
t h e fi b ers ( A g ar w al et al. 2 0 0 6). 
Fi g ur e 2. 1 4 L o a d tr a nsf er i n dis c o nti n u o us fi b ers ( a) l o n g fi b ers ( g o o d effi ci e n c y) a n d 
( b) s h ort fi b ers ( p o or effi ci e n c y).
Fi g ur e  2. 1 4  s h o ws  h o w  t h e  str ess  b uil d s  u p  al o n g  t h e  fi b er  l e n gt h.  It  als o  
ill ustr at es t h at l o n g er fi b ers c o ntri b ut e m or e t o tr a nsf erri n g t h e l o a d fr o m t h e m atri x. T h e 
l e n gt h  of  t h e  fi b ers  d et er mi n es  h o w  t h e  str ess tr a nsf ers  fr o m  t h e  m atri x  t o  t h e  fi b er.  
Fi g ur e 2. 1 5 s h o ws t h e t e nsil e str ess pr ofil e i n t h e fi b ers at t hr e e diff er e nt l e n gt hs ( W a n g 












Fi g ur e 2. 1 5 T e nsil e str ess pr ofil e o v er a dis c o nti n u o us fi b er w h e n fi b er l e n gt h is ( a) l ess 
t h a n, ( b) e q u al t o, a n d ( c) gr e at er t ha n t h e criti c al l e n gt h ( W a n g et al. 
2 0 0 8). 
T h e criti c al l e n gt h, lc  i s t h e l e n gt h b e y o n d w hi c h t h e fi b ers fr a ct ur e u n d er t e nsi o n 
r at h er t h a n u n d er g o gr e at er str ai n ( W a n g et al. 2 0 0 8) a n d its v al u e is c al c ul at e d as
  f d
lc   ( 2. 8)
2  c 
w h er e σ f , d , a n d τc  ar e t h e ulti m at e or fr a ct ur e str e n gt h of t h e fi b er, t h e di a m et er of t h e 
fi b er,  a n d  t h e  i nt erf a ci al  s h e ar  str e n gt h  (I S S)  b et w e e n  t h e  fi b er  a n d  t h e  m atri x,  
r es p e cti v el y. It s h o ul d b e n ot e d t h at if t h e c alc ul at e d I S S is gr e at er t h a n t h e s h e ar str e n gt h 
of t h e m atri x, it s h o ul d b e r e pl a c e d b y t h e m a tri x s h e ar str e n gt h si n c e t h e l o a d tr a nsf er 
t hr o u g h t h e i nt erf a c e c a n n ot b y p ass t h e m atri x. B as e d o n t h e criti c al l e n gt h v al u e, o n e
m a y  c al c ul at e  t h e  str e n gt h  of  a  u ni dir e cti o n all y  ali g n e d  dis c o nti n u o us  fi b er  c o m p osit e  
m at eri al ( K ell y a n d T ys o n 1 9 6 5).  
O n e of t h e m aj or o bst a cl es i n t h e s h e ar l a g f or m ul ati o n is t h e I S S d et er mi n ati o n, 
w hi c h h as pr o v e d t o b e a v er y diffi c ult pr o p ert y t o m e as ur e b e c a us e of t h e ti n y r e gi o n 
b et w e e n t h e fi b ers a n d m atri x i n t h at ar e a. I S S i n n a n os c al e c a n b e m e as ur e d b y At o mi c 
F or c e  Mi cr os c o p e  ( A F M)  ( M a n o h ar a n  et  al .  2 0 0 9)  t ests  or  c al c ul at e d  usi n g  m ol e c ul ar  
d y n a mi cs si m ul ati o ns ( M D S) ( G o u et al. 2 0 0 4). H o w e v er, i n t h e si m ul ati o ns p erf or m e d 
h er e, t w o diff er e nt v al u es ar e ass u m e d f or I S S ( o n e l ess t h a n a n d a n ot h er gr e at er t h a n t h e 









St r e n gt h P r e di cti o n R es ults
T h e m e c h a ni c al pr o p erti es of t h e c o nstit u e n t m at eri als us e d i n t h e C N F r ei nf or c e d 
vi n yl est er ar e as f oll o ws:  E0  = 3. 5 G P a, S 0  = 1 2 0 M P a, S 1  = 3 G P a ( O z k a n et al. 2 0 0 9), 
l1 = 1 5 μ m, d 1  = 1 5 0 n m, w h er e E 0 , S 0 , S 1 , l1  a n d d 1  r e pr es e nt m atri x Y o u n g’s m o d ul us, 
t e nsil e str e n gt h of m atri x m at eri al, t e nsile str e n gt h of C N F,  C N F l e n gt h a n d di a m et er, 
r es p e cti v el y.
Usi n g t h e s h e ar l a g t h e or y, t h e t e nsil e st r e n gt h f or a u ni dir e cti o n all y ali g n e d C N F 
r ei nf or c e d  m atri x  m a y  b e  c al c ul at e d.  H er e,  w e  us e d  t h e  M at eri al  C h ar a ct eri z ati o n  a n d  
Q u alifi c ati o n ( M C Q) m o d ul e of  G E N O A s oft w ar e ( G ar g et al. 2 0 0 8), b as e d o n t h e s h e ar 
l a g  t h e or y,  t o  c o m p ut e  t h e  i n- pl a n e  str e n gth  pr o p erti es  f or  a  q u asi-is otr o pi c  l a mi n at e  
m a d e of ali g n e d C N F r ei nf or c e d pli es wit h r es ults s h o w n i n T a bl e 2. 2. F or all t h e c as es 
s h o w n, t h e C N F v ol u m e fr a cti o n is ass u m e d t o b e 0. 0 1. 
T a bl e 2. 2 Pr e di ct e d t e nsil e str e n gt h of C N F r ei nf or c e d vi n yl est er. 
C as e I S S 
( M P a) 
T e nsil e 
Str e n gt h 
( M P a) 
A R 
1  5 0  1 2 0. 0  
1
2  1 0 0  1 2 0. 0  
1  5 0  1 2 2. 3  
1 0
2  1 0 0  1 2 3. 9  
1  5 0  1 3 9. 4  
1 0 0
2  1 0 0  1 4 0. 0  
1  5 0  1 4 2. 0  
1 0 0 0
2  1 0 0  1 4 2. 1  
I n  s pit e  of  t h e  v er y l o w  v ol u m e  fr a cti o n  ( f =  1 %)  of  C N F  as  t h e  r ei nf or ci n g  
m at eri al, t h e str e n gt h i m pr o v e m e nt is q uit e n oti c e a bl e ( a b o ut 1 7 %) f or r ei nf or c e m e nts’ 










s h o w n i n T a bl e 2. 2. T h er e ar e t w o k e y f a ct ors f or t h at i m pr o v e m e nt: first t h e as p e ct r ati o
of C N F c orr es p o n di n g t o fi b er l e n gt hs hi g h er t h a n t h e cr iti c al v al u e (lc  = 2. 8 μ m), a n d 
s e c o n d t h e hi g h str e n gt h of C N F as t h e r ei nf or c e m e nt m at eri al. Alt h o u g h t h e or eti c all y t h e 
a d diti o n  of  C N F  c a n  i m pr o v e  t h e  str e n gt h  pr o p erti es  of  t h e  m atri x  m at eri al,  it  is  v er y  
diffi c ult t o a c hi e v e t h at i n pr a cti c e d u e t o a g gl o m er ati o n of t h e n a n ofi b ers, e v e n at v er y
l o w v ol u m e fr a cti o ns. T h e i n a bilit y t o h a v e g o o d n a n o-r ei nf or c e m e nt dis p ersi o n i n t h e 
m atri x r es ults i n w e a k r e gi o ns t h at m a y l e a d t o cr a c k i niti ati o n a n d f ail ur e of t h e n a n o -
e n h a n c e d m atri x m at eri al u n d er c ert ai n l o a di n g c o n diti o ns ( Z h o u et al. 2 0 0 8). 
Stiff n ess P r o p e rti es of E n h a n c e d M at ri x wit h F u n cti o n all y G r a d e d I nt e r p h as e 
Mi cr os c o pi c i m a g es of fi b er- r ei nf or c e d p ol y m er m at eri als s h o w t h e pr es e n c e of a 
t hr e e- di m e nsi o n al r e gi o n b et w e e n t h e m atri x an d t h e fi b er as s h o w n i n Fi g. 2. 1 6. T h e s o-
c all e d i nt er p h as e r e gi o n h as u ni q u e pr o p erti es t h at ar e diff er e nt fr o m t h os e of t h e fi b er 
a n d t h e m atri x. T h er e is c o nsi d er a bl e v ari a bil it y i n t h e s h a p e a n d si z e of t h e i nt er p h as e.
Als o, t h e m e c h a ni c al pr o p erti es of t h e i nt er p h as e ar e f o u n d t o v ar y fr o m o n e l o c ati o n t o 
a n ot h er  (s e e  c ur v es  B  a n d  C  i n  Fi g.  2. 1 7)  i n  a  m a n n er  t h at  c a n  b e  c h ar a ct eri z e d  as  a  
f u n cti o n all y gr a d e d m at eri al.  
B e c a us e  of  t h e  e xtr e m el y  s m all  l e n gt h  s c al e s  i n v ol v e d,  it  is  v er y  diffi c ult  t o
p erf or m a n e x p eri m e nt al st u d y of  t h e i nt er p h as e r e gi o n i n n an o-r ei nf or c e d m at eri als. A n 
alt er n ati v e  m et h o d  t o  st u d y  t h e  f or m ati o n  a n d  pr o p erti es  of  t h e  i nt er p h as e  r e gi o n  is
t hr o u g h  M D S.  R e c e nt  st u di es  usi n g  M D S  h a v e  r e v e al e d  t h e  e xist en c e  of  i nt er p h as e  
b et w e e n  C N F  a n d  t h e  s urr o u n di n g  p ol y m er  m a tri x  ( N o ur a ni a n  et  al.  2 0 1 1).  Y u  et  al.  
( 2 0 1 1) p erf or m e d a p ar a m etri c st u d y t o i n v esti g at e t h e eff e cts of t he i nt er p h as e pr o p erti es 













o n  el asti c  pr o p erti es  of  n a n o-r ei nf or c e d  vi n yl  est er  m atri x.  T h e y  c o n cl u d e d  t h at  t h e  
d e v el o p m e nt of a n a n o fi b er – m atri x i nt er p h as e c a n h a v e  a pr of o u n d eff e ct o n t h e o v er all 
el asti c pr o p erti es of t h e m at eri al. I n a d diti o n, s m all d e gr e es of n a n ofi b er w a vi n ess c a n 
r es ult i n a si g nifi c a nt d e cr e as e i n eff e cti v e c o m p osit e pr o p erti es.
Fi g ur e 2. 1 6 At o mi c f or c e mi cr os c o p y of 3- di m e ns i o n al ( a) t o p o gr a p hi c- a n d ( b) p h as e-
i m a g es of i nt er p h as e i n A min o pr o p yltri et h o x ysil a n e/ P ol y ur et h a n e 
( A P S/ P U) si z e d gl ass fi b er/ p ol y pr o p yl e ne ( P P) m atri x c o m p osit e m at eri als 
( G a o a n d M a d er 2 0 0 2).
A c c ur at e  m o d eli n g  of  t h e  i nt er p h as e  r e gi o n  is  still  a  c h all e n gi n g  t as k  as  it  is
diffi c ult t o e x p eri m e nt all y v ali d at e t h e m o d el d u e t o t h e l e n gt h s c al es i n v ol v e d. 
Fi g ur e 2. 1 7 F u n cti o n all y gr a d e d c h ar a ct eristi c of i nt er p h as e r e gi o n c a pt ur e d b y 











         
Alt h o u g h  t h e  a d diti o n  of  n a n o-r ei nf or c e m e nts  al w a ys  i m pr o v es  t h e  stiff n ess
pr o p erti es of a n a n o- e n h a n c e d m atri x, its st r e n gt h pr o p erti es d o n ot al w a ys i m pr o v e.  F or 
e x a m pl e, Z h o u et al. ( 2 0 0 8) f o u n d i m pr o v e m e nt s of a b o ut 1 8 % i n t h e Y o u n g’s m o d ul us 
a n d  9 %  i n  str e n gt h  pr o p erti es  of  C N F/ e p o x y  m at eri al  wit h  3 %  C N F  w ei g ht  fr a cti o n,
w h er e as at 2 % C N F w ei g ht fr a cti o n, str e n g t h i m pr o v e m e nt w as 1 4. 5 %. T h e r e d u cti o n i n 
str e n gt h i m pr o v e m e nt wit h hi g h er C N F w ei g ht fr a cti o n w as attri b ut e d t o t h e f or m ati o n of 
w e a k s p ots i n t h e e p o x y r esi n d u e  t o a g gl o m er ati o n of C N F.
Si m ul ati o n c o d es s u c h as G E N O A ( G ar g et al. 2 0 0 8, R o u hi et al. 2 0 1 0) h a v e b e e n 
us e d t o esti m at e t h e stiff n ess a n d str e n gt h pr o p erti es of t h e n a n o- e n h a n c e d m atri x b as e d 
o n a b uil di n g bl o c k a p pr o a c h t h at r eli es o n t h e r es ults of p h y si c al e x p eri m e nts at v ari o us 
l e n gt h  s c al es.  H o w e v er,  t h e  pr es e n c e  of  t hr ee- di m e nsi o n al  i nt er p h as e  r e gi o n  is  n ot  
c o nsi d er e d i n t his a n d ot h er si mil ar h y br i d mi cr o m e c h a ni c al/ F E m o d eli n g a p pr o a c h es. 
As st at e d e arli er, o n e of t h e s h ort c o mi n gs of t h e mi cr o m e c h a ni c al m et h o ds, s u c h 
as M ori- T a n a k a, is t h e ass u m pti o n of p erf e ct b o n di n g ( n o i nt er p h as e r e gi o n) b et w e e n t h e 
i n cl usi o n ( e. g., i n h o m o g e n eit y, fi b er) a n d t h e s urr o u n di n g m atri x m at eri al. T h e d o u bl e-
i n cl usi o n a n d m ulti-i n cl usi o n m o d els w er e d e v el o p e d b y N e m at- N ass er a n d H ori ( 1 9 9 3) 
i n a n att e m pt t o m o d el t h e disti n ct t hr e e-di m e nsi o n al i nt er p h as e r e gi o n w h os e pr o p erti es 
m a y b e c o nsi d er a bl y diff er e nt fr o m t h os e of  t h e i n cl usi o n a n d m atri x m at eri als. Fi g ur e 
2. 1 8  s h o ws  t h e  d o u bl e-i n cl usi o n  a n d  Fi g.  2. 1 9  s h o ws  a  m ulti-i n cl u si o n  r e pr es e nt ati o n  
i n v ol vi n g  f o ur  s e p ar at e  p h as es  i n  a n  i nfi nit e  d o m ai n  of  t h e  m atri x  m at eri al.  I n  b ot h  
m o d els,  t h e  o v er all  el asti cit y  of  t h e  m ulti- p h as e  c o m p osit e  r e gi o n  is  tr e at e d  as  t h e  
v ol u m etri c a v er a g e of t h e m at eri al pr o p erti es of t h e i n di vi d u al c o ns tit u e nt m at eri als. 
I n t h e m ulti-i n cl usi o n m o d el, a n elli ps oi d V, c o nt ai ns a n est e d s eri es of s m all er 










               
 
                  
 
 
Fi g ur e 2. 1 8 A s elf-si mil ar d o u bl e-i n cl usi o n m o d el. 
Fi g ur e 2. 1 9 A f o ur- p h as e m ulti-i n cl usi o n e m b e d d e d i n i nfi nit e 
T h e  m ulti-i n cl usi o n  m o d el  esti m at es  t h e  o v er all  pr o p erti es  of  t h e  c o m p osit e  
m at eri al as 
n n  
MI       1       1  1L    L  : {I    f  (S    I ) : (A    S  )  }: {I    f S  : (A    S  )  }  ( 2. 9)  
  1   1 
    1A    (L    L  ) : L  ( 2. 1 0) 
w h er e L  i s t h e f o urt h- or d er stiff n ess t e ns or, I  i s t h e f o urt h- or d er i d e ntit y t e ns or, f  i s t h e
v ol u m e  fr a cti o n  of  t h e    i nt er p h as e  r e gi o n,  S  i s  t h e  f o urt h- or d er  Es h el b y  t e ns or  t h at  











                                                       
Fi g ur e 2. 2 0 A pi e c e wis e c o nst a nt m o d el f or a f u n cti o n all y gr a d e d i nt er p h as e. 
Si n c e E q. ( 2. 9) d es cri b es t h e stiff n ess pr o p e rti es f or t h e ali g n e d i n cl usi o n c as e, t h e 
r es ulti n g  stiff n ess  n e e ds  t o  b e  a v er a g e d  o v er  all  ori e nt ati o ns  f or  t h e  c as e  of  r a n d o ml y
distri b ut e d i n cl usi o ns (s e e E qs. ( 2. 4) a n d ( 2. 5)). 
S o m e st u di es ( M a n o h ar a n et al. 2 0 0 9, G o u et al. 2 0 0 4) s h o w t h at t h e i nt er p h as e 
r e gi o n m a y n ot b e h o m o g e n e o us b ut wit h pr o p erti es t h at v ar y as a f u n cti o n of dist a n c e 
fr o m vi ci nit y of t h e s urf a c e of t h e i n cl usi o ns (fi b ers) as ill ustr at e d e arli er i n Fi gs. 2. 1 6 
a n d 2. 1 7. If t h e i nt er p h as e r e gi o n is n ot h o m o g e n e o us, t h e m ulti-i n cl usi o n m o d el c a n b e 
us e d t o a p pr o xi m at e t h e v ar yi n g pr o p erti es of  t h e i nt er p h as e. As s h o w n i n Fi g. 2. 2 0, a 
pi e c e wis e- c o nst a nt- pr o p erti es a p pr o xi m ati o n t e c h ni q u e is us e d f or t h e i nt er p h as e r e gi o n 
i n w hi c h t h e pr o p erti es ar e v ar yi n g si mil ar t o f u n cti o n all y gr a d e d m at eri als ( R e d d y 2 0 0 0, 
R u hi et al. 2 0 0 5). 
I n  t his  st u d y,  t h e  v ari ati o n  of  a n  i nt er p h as e  pro p ert y  ( e. g.,  Y o u n g’s  m o d ul us,  
P oiss o n’s r ati o), fr o m t h e s urf a c e of t h e i n cl us i o n t o t h e o ut m ost l a y er of t h e i nt er p h as e at
s o m e dist a n c e x , is m o d el e d b y usi n g a g e n er al f or m of e q u ati o n f or f u n cti o n all y gr a d e d 
m at eri als as 
P P  i n   ( Po ut   P i n )(  
x 
)n 











w h er e P  r e pr es e nts t h e pr o p ert y of i nt er est i n t h e i nt er p h as e at dist a n c e x  a w a y fr o m t h e 
s urf a c e of t h e i n cl usi o n, wit h P i n a n d P o ut  r e pr es e nti n g t h e i nt er p h as e pr o p ert y at x  = 0 
a n d x  = L, r es p e cti v el y. T h e p ar a m et er n  is t h e i nt er p h as e v ari ati o n p ar a m et er, a c o nst a nt
p o w er d et er mi ni n g t h e n o nli n e ari t y of t h e gr a d e d pr o p ert y. B y c h a n gi n g t h e v al u e of n , 
t h e r at e of v ari ati o n of t h e i nt er p h as e pr o p ert y fr o m P i n t o P o ut  c a n b e a dj ust e d as s h o w n 
i n Fi g. 2. 2 1. 
Si n c e  i n  t h e  m ulti-i n cl usi o n  m o d el  e a c h  d o m ai n  is  ass u m e d  t o  h a v e  c o nst a nt  
pr o p erti es, E q. ( 2. 1 1) is m o difi e d t o 
  1 n  ( 2. 1 2)P P   ( P   P )(  )i n  o ut  i n 
N 
w h er e   r e pr es e nts  t h e  i nt er p h as e  s u b di visi o n  i n  t h e  r a n g e  of  1  t o  N.  E q u ati o n  ( 2. 1 2)  
r e pr es e nts  a n  a p pr o xi m ati o n  of  E q.  ( 2. 1 1)  wit h  t h e  ass u m pti o n  of  pi e c e wis e  c o nst a nt  
pr o p erti es i n e a c h i nt er p h as e s u b di visi o n. 
A M A T L A B c o d e w as d e v el o p e d usi n g t h e m ulti-i n cl usi o n t e c h ni q u e d es cri b e d 
a b o v e  t o  c al c ul at e  t h e  o v er a ll  stiff n ess  pr o p erti es  of  t he  n a n o- e n h a n c e d  m atri x.  T h e  
pr o gr a m  i n p ut  c o nsists  of  t h e  m e c h a ni c al  pr o p erti es  a n d  v ol u m e  fr a cti o ns  of  t h e
c o nstit u e nt m at eri als (i n cl usi o n a n d m atri x), t hi c k n ess of t h e i nt erp h as e L, as w ell as t h e 
i nt er p h as e  v ari ati o n  p ar a m et er  n  a n d  t h e  n u m b er  of  i nt er p h as e  s u b di visi o ns,  N.  F or  
v erifi c ati o n,  t h e  c as e  t h at  t h e  pr o p erti es  of  t h e  i nt er p h as e  ar e  e q u al  t o  t h e  m atri x  
pr o p erti es w as e x a mi n e d a n d t h e r es ults f o u n d m a t c h e d t h os e s h o w n i n Fi gs. 2. 3 a n d 2. 4.  
T a bl e  2. 3  s h o ws  t h e  eff e cti v e  el asti c  m o d ul us  of  a  C N F  r ei nf or c e d  vi n yl  est er  
wit h  diff er e nt  el asti c  pr o p erti es  of  a  h o m o g e n e o us  i nt er p h as e  ass u mi n g  a  d o u bl e-





















T a bl e 2. 3 Eff e cti v e Y o u n g’s m o d ul us of C N F r ei n f or c e d vi n yl est er f or diff er e nt 
i nt er p h as e t hi c k n ess es a n d el asti c m o d uli wit h E f = 4 5 0 G P a, E0  = 3. 5 G P a, 
A R = 1 0 0, V f = 0. 0 1, N = 1, a n d n = 0. 
I nt er p h as e m o d ul us
E I ( G P a)
Eff e cti v e m o d ul us 
E c  ( G P a) 
I P T R*
 N A ( N o I nt er p h as e) 4. 2 1 0. 0 
4. 2 6  0. 1
1 0 0 4. 4 7  0. 5
4. 8 3  1. 0
4. 2 1  0. 1
2. 0 4. 1 9  0. 5
4. 1 5  1. 0
*I P T R: I nt er p h as e t hi c k n ess r ati o = I n t er p h as e t hi c k n ess/ fi b er r a di us
As e x p e ct e d, w h e n t h e el asti c m o d ul us of t h e h o m o g e n e o us i nt er p h as e is gr e at er 
t h a n  t h at  of  t h e  m atri x,  t h e  o v er all  stiff ness  of  t h e  c o m p osit e  m at eri al  i n cr e as es  b y  
i n cr e asi n g t h e t hi c k n ess of t he i nt er p h as e; ot h er wis e, t h e o v er all stiff n ess d e cr e as es. T h e 
r es ults ar e i n a gr e e m e nt wit h ( Y u et al. 2 0 1 1) w h o c al c ul at e d t h e stiff n ess pr o p erti es of 
c o m p osit es m a d e of h oll o w c ar b o n n a n ofi b ers a n d vi n yl est er c o nsi d eri n g t h e eff e ct of 
h o m o g e n e o us i nt er p h as e. 
I n t h e c as e of i n h o m o g e n e o us i nt er p h as e, t he eff e ct of gr a d e d pr ofil e c a n b e f o u n d 
fr o m  E q.  ( 2. 1 2),  w h er e  t h e  o v er all  stiff n ess  of t h e  c o m p osit e  m at eri al  is  t a k e n  as  t h e  
w ei g ht e d  a v er a g e  of  t h e  stiff n ess  pr o p erti es  of  t h e  diff er e nt  p h as es  of  t h e  c o ati n g  
(i nt er p h as e)  r e gi o n  b as e d  o n  t h eir  c orr esp o n di n g  v ol u m e  fr a cti o ns .  T his  gi v es  t h e  
i m pr essi o n t h at t h e p ar a m et er t h at is i m p ort a nt t o t h e o v er all pr o p erti es is n ot t h e pr ofil e 
g e o m etr y  of  t h e  gr a di e nt  i nt er p h as e,  b ut  r at h er  t h e  w ei g ht e d  v ol u m e  fr a cti o n  of  t h e  
i nt er p h as e r e gi o n. T o st u d y t h e eff e ct of t h e pr ofil e, w e alt er e d t h e v al u e of i nt er p h as e 
v ari ati o n p ar a m et er n  i n E q. ( 2. 1 2) s u c h t h at t h e v ol u me r ati o of t h e i nt er p h as e r e gi o n 
w ei g ht e d b y t h e el asti c m o d ul us (  E f   ) r e m ai ns c o nst a nt. T h e r es ulti n g pr ofil es f or n  




















Fi g ur e 2. 2 1 T hr e e diff er e nt gr a d e d pr ofil es f or t h e i nt er p h as e r e gi o n wit h V 1 = V 2 = 
V 3 = i nt er p h as e v ol u m e fr a cti o n w ei g ht e d b y t h e el asti c m o d ul us. 
T a bl e 2. 4 Eff e cti v e Y o u n g’s m o d ul us f or diff er e nt i nt er p h as e pr ofil es wit h E f = 4 5 0 
G P a, E 0  = 3. 5 G P a, A R = 1 0 0, Vf = 0. 0 3 8 2 4,  E f    0. 0 5 1 6 .   
( EI m a x , EI mi n) ( G P a) 
E c  ( G P a) 
n = 1 n = 5 n = 0. 1 
( 4 5 0, 3. 5) 1 0. 4 6 6 
( 3 5 0, 8 4) 1 0. 5 3 8 
( 2 5 0, 1 6 4) 1 0. 5 6 4 
( 1 5 0, 2 4 4) 1 0. 5 6 1 
( 3. 5, 3 6 2) 1 0. 5 0 3 
( 2 5 4, 3. 5) 1 0. 5 4 2 
( 1 9 0, 2 5 0) 1 0. 5 6 7 
( 1 3 8, 4 5 0) 1 0. 5 3 0 
( 4 5 0, 1 8 2) 1 0. 5 7 0 
( 1 5 0, 2 0 7) 1 0. 5 7 0 
( 3. 5, 2 1 9) 1 0. 5 6 9 
F or a n a n o-r ei nf or c e d m at eri al, t h e eff e ct of n  is c a pt ur e d i n T a bl e 2. 4. T o m a k e 
t h e w ei g ht e d v ol u m e fr a cti o n of t h e i nt er p h as e e q u al i n diff er e nt pr ofil es s h o w n i n Fi g.
2. 2 1, t h e m a xi m u m ( E I m a x) a n d mi ni m u m ( EI mi n) el a sti c m o d uli of t h e i nt er p h as e r e gi o n
ar e a dj ust e d as s h o w n i n T a bl e 2. 4. T h e r es ult s s h o w t h at as l o n g as t h e w ei g ht e d v ol u m e 
fr a cti o n of t h e i nt er p h as e is k e pt c o nst a nt, t h e pr ofil e s h a p e of t he i nt er p h as e r e gi o n d o es 
n ot aff e ct t h e o v er all el asti c pr o p erti es of t h e c o m p osit e m at eri al. It s h o ul d b e n ot e d t h at 
t h e o v er all el asti c m o d ul us of t h e c o m p osit e m at eri al wit h n o i nt er p h as e usi n g t h e M- T








                                        
 
t h e eff e ct of i nt er p h as e. T h er efor e, t h e pr es e n c e of i nt er p h as e  f or t h e m at eri al c o nsi d er e d
h er e i m pr o v es t h e Y o u n g’s m o d ul us. 
Stiff n ess P r o p e rti es of E n h a n c e d M at ri x wit h W a v y C N F 
E x p eri m e nt al  o bs er v ati o ns  of  C N T  r ei n f or c e d  p ol y m ers  vi a  S c a n ni n g  El e ctr o n
Mi cr os c o p e ( S E M) a n d Tr a ns mi ssi o n El e ctr o n Mi cr os c o p e ( T E M ) h a v e r e v e al e d t h at t h e 
e m b e d d e d C N Ts r e m ai n hi g hl y c ur v e d w h e n dis p ers e d i n a p ol y m er ( S h aff er a n d Wi n dl e 
1 9 9 9, Vi g ol o et al. 2 0 0 0, Qi a n et  al. 2 0 0 0). T his is t o b e ex p e ct e d c o nsi d eri n g t h e v er y 
hi g h as p e ct r ati o a n d l o w b e n di n g stiff n ess of C N T a n d C N F. 
W a vi n ess h as b e e n m o d el e d usi n g diff er e nt  a n al yti c al a n d h y bri d a p pr o a c h es. I n
a n al yti c al a p pr o a c h es ( Fis h er 2 0 0 2, S h a d y a n d G o w a y e d 2 0 1 0), w a v y e m b e d d e d fi b er is 
is ol at e d  a n d  its  eff e cti ve  r ei nf or ci n g  m o d ul us  ( E E R M )  is  c al c ul at e d.  T o  t his  e n d,  
C asti gli a n o’s  s e c o n d  t h e or e m  w as  us e d  t o  c al c ul at e  t h e  a xi al  dis pl a c e m e nt  d u e  t o  a n  
a p pli e d l o a d F  (    U ). Gi v e n t h e si n us oi d al g e o m etr y of w a v y fi b er, o n e m a y c al c ul at e F 
 F 
t h e i nt er n al a xi al f or c e (N ), s h e ar f or c e (V ) a n d m o m e nt (M ) i n t h e fi b er as a f u n cti o n of 
c o or di n at e z as s h o w n i n Fi g. 2. 2 2 ( Fis h er 2 0 0 2) 
F
N( z)  F c os(  )   
4 a 2 2  2 2  z1   
2 
si n  (  )
   
2 a   2  z
  F si n(  )
   ( 2. 1 3)V( z)  F si n(  )   
4 a 2 2  2 2  z1   si n  (  )
 2   
2 z
M( z)  F[ a  y( z)]  F a[ 1  c os(  )]
  
T h e t ot al dis pl a c e m e nt will b e t h e s u m m ati o n of t h e a b o v e t er ms i nt e gr at e d o v er a 
w a v el e n gt h of t h e si n us oi d al fi b er gi v e n b y 
4 3 
 










N N  k V   V  M  M
          d s   ds   d s  ( 2. 1 4)F  N  V  M   E A  F  G A  F  EI  F 
w h er e δ N, δ V, a n d δ M ar e t h e c o ntri b uti o ns d u e t o t h e i n t er n al a xi al a n d s h e ar f or c es, a n d
t h e  i nt er n al  m o m e nt,  r es p e cti v ely,  a n d  ds  is  a n  i n cr e m e nt  of  ar c  l e n gt h.  I n  t h e  s h e ar  
c o ntri b uti o n t er m, k is t h e c orr e cti o n f a ct or f o r t h e s h e ar str ai n e n er g y ( e q u al t o 1. 3 3 f or a 
s oli d cir c ul ar cr oss s e cti o n) a n d G is t h e s h e ar m o d ul us. T h e t er ms A a n d I ar e t h e cr oss 
s e cti o n al  ar e a  a n d  t h e  m o m e nt  of  i n erti a  f or  a  cir c ul ar  cr oss-s e cti o n,  r es p e cti v el y.  
E q u ati n g t h e dis pl a c e m e nt f o u n d fr o m E q. 2. 1 4  wit h t h e dis pl a c e m e nt of a n e q ui v al e nt
str ai g ht fi b er of t h e s a m e l e n gt h will r es ult i n  t h e eff e cti v e r ei nf or ci n g m o d ul us of a fr e e 
st a n di n g w a v y fi b er f o u n d as 
  F / A  F L  
E fr e e 


 F / L  
  
A  F
 ( 2. 1 5)  
Fi g ur e 2. 2 2 S c h e m ati c of a fr e e st a n di n g si n us oi d al w a v y fi b er. 
T h e eff e cti v e r ei nf or ci n g m o d ul us is a r e pr es e nt ati v e v al u e t h at a c c o u nts f or t h e 
r e d u cti o n i n r ei nf or c e m e nt pr o vi d e d b y t h e w a v y fi b er c o m p ar e d wit h t h at b y a str ai g ht 
fi b er  ( of  m o d ul us  Ef)  ( C his h ol m a n d  Bri ns o n  2 0 0 3,  Br a ds h a w  et  al.  2 0 0 3).  T h er ef or e,  
w hil e t h e m o d ul us of t h e fi b er E f is a m at eri al pr o p ert y, EE R M  ( EE R M ≤  Ef) is a m at eri al








Fi g ur e  2. 2 3( a)  s h o ws  h o w  t h e  pl a n ar  si n us oi d al  w a vi n ess  of  a  fi b er  dr asti c all y  
d e cr e as es  E E R M  of  t h e  fi b er.  T his  eff e cti v e  pr o p ert y  c a n  t h e n  b e  us e d  i n  a n y  
mi cr o m e c h a ni c al m o d el as a n e q ui v al e nt v a l u e f or t h e tr u e C N F/ C N T m o d ul us. Fis h er 
( 2 0 0 2) s h o w e d t h at t h e a n al yti c al m o d el is o nly us ef ul w h e n t h e m o d ul us of t h e str ai g ht 
n a n ot u b e E N T  is m u c h l ar g er t h a n t h e m o d ul us of t h e  
Fi g ur e 2. 2 3 V ari ati o n of eff e cti v e m o d ul us of ( a) a fr e e st a n di n g w a v y fi b er a n d ( b) 
w a v y n a n ofi b er r ei nf or c e d m atr i x usi n g a n al yti c al m et h o d. 
T h e q ui c k d e cr e as e i n eff e cti v e m o d ul us of n a n ot u b e/ n a n ofi b er as s h o w n i n Fi g. 
2. 2 3( a) r es ults i n a s h ar p d e cr e as e i n m o d ul us  of t h e n a n o- e n h a n c e d m atri x as s h o w n i n 
Fi g. 2. 2 3( b). It is w ort h n oti n g t h at t his a n al yti c al m et h o d will u n d er pr e di ct t h e eff e cti v e 
m o d ul us of t h e n a n o- e n h a n c e d m atri x as s h o w n i n Fi g. 2. 2 3( b), a n d t hat t h e pr e d i cti o n is 
e v e n l o w er t h a n t h e m o d ul us of p ur e m atri x ( E m  = 3. 5 G P a) aft er w a vi n ess g o es b e y o n d a 
s m all v al u e ( a/ λ  > 0. 0 2 5) w hi c h s e e ms t o b e u nr e alisti c.  
W h e n  t h e  crit eri o n  of  l ar g e  r el ati v e  m o d ul us  is  n ot  s atisfi e d  (i. e.,  E N T  /  E m atri x 
< 1 0 0 0),  a  n e w  m o d el/ a n al ysis  is  n e e d e d  t o  a c c o u nt  f or  t h e  l at er al  c o nstr ai nt  ( b o n di n g  
b et w e e n t h e i n cl usi o n a n d t h e m atri x) i m p os e d  o n t h e C N T b y t h e s urr o u n di n g m atri x. I n 










( 2 0 1 0) ass u m e d a h eli c al g e o m etr y f or t h e fib ers a n d us e d t h e s a m e m et h o d ol o g y t o s ol v e 
f or  t h e  e q ui v al e nt  stiff n ess.  Fi g ur e  2. 2 4  r e v eals  t h eir  r es ults  f or  t h e  eff e cti v e  stiff n ess  
c o m p ar e d wit h t h e o n e usi n g Fis h er’s ass u m p ti o n ( 2 0 0 2) of pl a n ar si n us oi d al g e o m etr y 
f or w a v y fi b ers. T h e y c o n cl u d e d t h at u n d er pr edi cti o n of t h e eff e cti v e stiff n ess b as e d o n 
t h eir h eli c al w a vi n ess ass u m pti o n is l o w er t h a n t h e si n us oi d al w a vi n ess ass u m pti o n. 
Fi g ur e 2. 2 4 ( a) T h e eff e ct of c ur v at ur e o n t h e r ati o of t h e m o d ul us of eff e cti v e fi b er t o 
t h e m o d ul us of t h e fi b er ( o n a s e mi-lo g s c al e) f or Fis h er’s 2 D a n al yti c al 
m o d el [ 1 0] a n d 3 D m o difi e d fi b e r m o d el ( S h a d y a n d G o w a y e d 2 0 1 0), ( b) 
t h e g e o m etr y of a h eli c al w a v y fi b er i n m atri x.  
1N ot e:    ( 2 i)  2   
2 
I n  h y bri d  a p pr o a c h es  ( c o m p ut ati o n al/ mi cr o m e c h a ni c al)  ( C his h ol m  a n d  Bri ns o n  
2 0 0 3, Br a ds h a w et al. 2 0 0 3), t h e w a v y C N F/ C N T is e m b e d d e d i n  a m atri x m at eri al a n d a 
3- di m e nsi o n al  fi nit e  el e m e nt  m o d el  is  cr e at e d  t o  m o d el  t h e  eff e cti v e n ess  of  t h e  w a v y  
i n cl usi o n w h e n it is p erf e ctl y b o n d e d t o t h e m atri x. T h e effe cti v e m o d ul us of t h e fi nit e 
el e m e nt c ell is t h e n r el at e d t o E E R M  b as e d o n t h e v ol u m e fr a cti o n of t h e i n cl usi o n. T h e 
r es ulti n g  EE R M  i s  us e d  i n  c o n v e nti o n al  mi cr o m e c h a ni c al  t e c h ni q u es  s u c h  as  t h e  M- T








el e m e nt m o d el a n d t h e r es ults f or e q ui v al e nt  stiff n ess of a si n us oi d al w a v y n a n ot u b e i n
m atri x usi n g a h y bri d m et h o d ( Fis h er 2 0 0 2). 
Si n c e t h e h y bri d m et h o d, u nli k e t h e a n al yti c al a p pr o a c h es,  c o nsi d ers t h e eff e ct of 
b o n di n g b et w e e n t h e w a v y fi b er a n d its s urr o u n di n g m atri x, it pr e di cts m or e a c c ur at el y 
t h e eff e cti v e stiff n ess b y esti m ati n g t h e e q ui v al e nt stiff n ess of t h e w a v y fi b ers. 
Fi g ur e 2. 2 5 ( a) E E R M as a f u n cti o n of n a n ot u b e w a vi n ess r ati o ( a/ λ ) f or diff er e nt r ati os 
of p h as e m o d uli ( λ / d = 1 0 0, Em atri x  = 1 G P a) a n d ( b) fi nit e c ell m o d el of t h e 





C H A P T E R III 
U N C E R T AI N T Y M O D E LI N G A N D R E LI A BI LI T Y A N A L Y SI S 
U n c ert ai nti es  arisi n g  fr o m  t h e  m at eri al ,  g e o m etr y,  a n d  l o a di n g  c o n diti o ns  c a n  
i nfl u e n c e t h e r es p o ns es of a str u ct ur al c o mp o n e nt m a d e of m ultis c al e h y bri d c o m p osit e 
m at eri als.  U n c ert ai n  v ari a bl es  i n cl u d e:  t h e  e ff e cti v e  (f ull y  dis p ers e d  a n d  distri b ut e d)  
v ol u m e fr a cti o n of t h e n a n ofi b ers, t h e as p e ct r ati o of t h e n a n ofi b ers, t h e t hi c k n ess a n d 
pr o p erti es  of  t h e  i nt er p h as e  r e gi o n  b et w e e n  t h e  n a n ofi b ers  a n d  t h e  m atri x,  a n d  t h e  
w a vi n ess of t h e n a n ofi b ers of l o n g as p e ct r ati o. T h er ef or e, u n c ert ai nt y q u a ntifi c ati o n is a n 
ess e nti al  el e m e nt  i n  t h e  a n al ysis  a n d  d esi g n  of  str u ct ur es  m a d e  of  n a n o-r ei nf or c e d  
c o m p osit e m at eri als.  
U n c ert ai nt y pl a ys a criti c al r ol e i n t h e a n al ysis of e n gi n e er e d s yst e ms, i n g e n er al. 
It  i nfl u e n c es  d esi g n  d e cisi o ns  a n d  b e h a vior  of  t h e  d esi g n e d  s yst e ms.  U n c ert ai nt y  
q u a ntifi c ati o n is a n i m p ort a nt p art of d esi g n a n al ysis; it c a n h el p i d e ntif y t h e i m p a ct of 
u n c ert ai nti es o n r es p o ns e c h ar a ct eristi cs of t h e d esi g n e d s yst e m an d g ui d e t h e pr o c ess b y 
w hi c h t h e u n c ert ai nti es or t h ei r i m p a ct c o ul d b e r e d u c e d.  
U n c ert ai nt y  m a y  b e  d efi n e d  as  “ d o u btf u l n ess  or  v a g u e n ess ”  or  “s o m et hi n g  n ot  
d efi nit el y k n o w n or k n o w a bl e ” ( M urr a y 1 9 6 1). Eff orts t o cl assif y a n d d efi n e u n c ert ai nt y, 
pr o p a g at e it t hr o u g h a n a n al ysis, a n d d e vis e m et h o ds t o miti g at e its i m p a ct h a v e b e e n t h e 
o bj e cti v e  of  m a n y  r es e ar c h  eff orts.  M a n y  of  t h e  u n c ert ai nt y  cl assifi c ati o ns  h a v e  
si mil ariti es a n d m ost h a v e a n e m p h asis o n o n e  as p e ct of u n c ert ai nt y w hi c h i m p a cts t h at 










si g nifi c a n c e. T h e cl assifi c ati o n a n d d efi niti o ns f or str u ct ur al e n gi n e eri n g ar e pr o vi d e d i n 
Fi g. 3. 1 a n d T a bl e 3. 1, r es p e cti v el y. 
Fi g ur e 3. 1 U n c ert ai nt y cl assifi c ati o n f or str u ct ur al e n gi n e eri n g ( M el c h ers 1 9 9 9) 
T h e t w o m aj or st e ps i n u n c ert ai nt y q u a n tifi c ati o n or m o d eli n g ar e r e pr es e nt ati o n
a n d pr o p a g ati o n. I n t h e first st e p, e a c h b asi c u n c ert ai n q u a ntit y ( e. g., C N F w a vi n ess or 
as p e ct  r ati o)  is  i d e ntifi e d  a n d  r e pr es e nt e d  b y  a  m at h e m ati c al  f u n cti o n  t h at  d efi n es  its  
r a n g e a n d li k eli h o o d v al u e, w h er e as i n t h e se c o n d st e p, t h e eff e cts of u n c ert ai nti es o n a 
d e p e n d e nt r es p o ns e q u a ntit y ( e. g., n a n o- e n h a n c e d  m atri x pr o p erti es, str u ct ur al r es p o ns e) 





























T a bl e 3. 1 U n c ert ai nt y d efi niti o ns f or str u ct ur al e n gi n e eri n g ( M el c h ers 1 9 9 9). 
U n c e rt ai nt y 
P h e n o m e n ol o gi c al 
D efi niti o n/ E x pl a n ati o n 
Aris es w h e n e v er t h e f or m of c o nstr u cti o n or t h e d esi g n t e c h ni q u e g e n er at es 
u n c ert ai nt y a b o ut a n y as p e ct of t h e p o ssi bl e b e h a vi or of t h e str u ct ur e u n d er 
c o nstr u cti o n, s er vi c e, a n d e xtr e m e c o n diti o ns 
D e cisi o n Aris es i n c o n n e cti o n wit h t h e d e cisi o n as t o w h et h er a p arti c ul ar 
p h e n o m e n o n h as o c c urr e d 
M o d eli n g Ass o ci at e d wit h t h e us e of o n e ( or m or e) si m plifi e d r el ati o ns hi ps b et w e e n 
t h e b asi c v ari a bl es t o r e pr es e nt t h e ‘r e al’ r el ati o ns hi p or p h e n o m e n o n of
i nt er est 
Pr e di cti o n Ass o ci at e d wit h t h e pr e di cti o n of s o m e f ut ur e st at e of aff airs 
P h ysi c al I n h er e nt r a n d o m n at ur e of a b asi c v ari a bl e 
St atisti c al 
H u m a n f a ct ors 
Aris es i n t h e ass o ci at e d p ar a m et ers w h e n a si m plifi e d pr o b a bilit y d e n sit y 
f u n cti o n is i m pl e m e nt e d
H u m a n err or D u e t o n at ur al v ari ati o n i n t as k p erf or m a n c e a n d gr o ss err ors 
Ass o ci at e d wit h t h e i nt er v e nti o n i n t h e pr o c ess of d esi g n, d o c u m e nt ati o n, H u m a n i nt er v e nti o n 
a n d c o n str u cti o n a n d, t o s o m e e xt e nt , als o i n t h e us e of a str u ct ur e
U n c e rt ai nt y R e p r es e nt ati o n
U n d er  t h e  cl assifi c ati o n  s h o w n  i n  Fi g.  3. 1,  p h ysi c al  u n c ert ai nt y  d u e  t o  r a n d o m  
v ari ati o n is g e n er all y k n o w n as al e at or y u n c ert ai nt y w h er e a s st atisti c al u n c ert ai nt y c a n b e 
br o a d e n e d  t o  i n cl u d e  g e n er al  l a c k  of  k n o wl e d g e  or  i n c ertit u d e  k n o w n  as  e pist e mi c
u n c ert ai nt y.  I n  pr es e n c e  of  s uffi ci e nt  i nf or m ati o n,  al e at or y u n c ert ai nt y d es cri b e d  b y  a  
c o nti n u o us r a n d o m v ari a bl e c a n b e r e pr es e nt e d b y a pr o b a bilit y d e nsit y f u n cti o n ( P D F) 
wit hi n t h e fr a m e w or k of pr o b a bilit y  t h e or y ( H off m a n a n d H a m m o n ds 1 9 9 4, O b er k a m pf 
et al. 1 9 9 8). 
I n  t his  st u d y,  all  u n c ert ai nti es  ass o ciat e d  wit h  t h e  m at eri al  a n d  str u ct ur al  
p ar a m et ers  ar e  c o nsi d er e d  t o  b e  al e at or i c  a n d  r e pr es e nt e d  b y  t h e  c orr es p o n di n g  P D F.  










as p e ct r ati o, w a vi n ess a n d eff e cti v e v ol u m e fr a cti o n of i n cl usi o ns, as w ell as p h ysi c al,
m e c h a ni c al a n d g e o m etri c al pr o p erti es of t h e i nt er p h as e.  
U n c e rt ai nt y P r o p a g ati o n 
D e p e n di n g o n t h e n at ur e of t h e pr o bl e m, a n a n al yti c al or si m ul ati o n m et h o d m a y 
b e us e d t o p erf or m u n c ert ai nt y pr o p a g ati o n.  I n c o m pl e x pr o bl e ms or t h e c as es i n w hi c h 
t h er e is n o a n al yti c al f u n cti o n d es cri bi n g t he p h e n o m e n o n, a n al yti c al a p pr o a c h es ar e n ot 
us e d  a n d  si m ul ati o n  a p pr o a c h es  ar e  u n a v oi d a bl e.  T h e  m ai n  s h ort c o mi n g  of  si m ul ati o n  
a p pr o a c h es  ar e  t h e  c o m p ut ati o n al  i n effi ci e n ci es  t h e y  h a v e  d u e  t o  l ar g e  n u m b er  of  
si m ul ati o ns n e e d e d t o fi n d t h e pr o p a g at e d u n c er t ai nti es wit h r e as o n a bl e a c c ur a c y. T his is 
a c o n c er n w h e n r es p o ns e c al c ul ati o n r e q uir es t h e us e of hi g h fi d elit y si m ul ati o ns t h at ar e 
c o m p ut ati o n all y e x p e nsi v e. H o w e v er, if a n a n al yti c al m o d el c a n b e us e d t o d es cri b e t h e 
r es p o ns e,  t h e n  eit h er  a n al yti c al  or  si m ul ati o n  m et h o d  m a y  b e  us e d  f or  u n c ert ai nt y  
pr o p a g ati o n. 
H a vi n g t h e m e a n v al u es a n d st a n d ar d d e vi ati o ns of all r a n d o m v ari a bl es ( x i, σ i) 
f or a g e n er al n o nli n e ar f u n cti o n of m ulti pl e r a n d o m v ari a bl es Y = g( x 1 , x2 , …, xn ), t h e 
st atisti c al m o m e nts of Y r e q uir e t h e i nt e gr a ti o n of t h e j oi nt pr o b a bilit y d e nsit y f u n cti o n 
(J P D F)  of  t h e  r a n d o m  v ari a bl es  o v er  t h e  d om ai n  of  i nt er est.  M ost  oft e n,  t h e  e x a ct  
c al c ul ati o n of s u c h i nt e gr als is  n ot p ossi bl e. H e n c e, t h eir a p pr o xi m at e v al u es ar e us e d. Y,
i n g e n er al, c a n b e a n y m at eri al/str u ct ur al r es p o ns e w hi c h is a f u n cti o n of a n u m b er of 
r a n d o m  v ari a bl es  ( xi).  A  c o m m o n  a p pr o a c h  t o  pr o p a g at e t h e  u n c ert ai nt y  is  t o  us e  t h e
T a yl or s eri es a p pr o xi m ati o n. Alt h o u g h t h e r es ults ar e n ot m at h e m ati c all y e x a ct, t h e y v er y 
oft e n pr o d u c e r e as o n a bl e v al u es. T h e T a yl or s eri es a p pr o xi m ati o n of Y = g( x 1 , x2 , …, xn ) 




                    
 
 
                   
 
                   
 
 
                   
                        
       
 
n   
      gY  g( x  , x  ,..., x  )    ( x  x ) 1 2 n i i 
i 1      x    
n n   21       g     ( x i  x i )( x j  x j )  




x i x j 
 ...( hi g h er or d er t er ms) 
i 
   x  , x  ,..., x  1 2  n 
   
  
    x  , x  ,..., x  1 2  n 
   
   ( 3. 1)
  
I n  E q.  ( 3. 1),  t h e  first  t w o  t er ms  r e pres e nt  t h e  first- or d er  a p pr o xi m ati o n  of  Y;
a d di n g  t h e  t hir d  t er m  r e pr es e nts  t h e  s e c o n d- or d e r  a p pr o xi m ati o n;  et c.  I n  pr a cti c e,  t h e  
first- or d er a p pr o xi m ati o n is m ost c o m m o nl y us e d f or t h e c al c ul ati o n of t h e first m o m e nt 
(r e pr es e nti n g t h e e x p e ct e d or m e a n v al u e) of Y as 
n   
      gY  E( Y)  g( x  , x  ,..., x  )    ( x  x ) 1 1 2 n i i 
i 1   


 x i  
  
   ( 3. 2)
    x  , x  ,..., x  1 2  n 
I n t h e s p e ci al c as e w h er e xi
* i s t a k e n as xi, t h e a b o v e e x pr essi o n r e d u c es t o 
Y  E( Y)  g( x , x ,..., x )  ( 3. 3)1 1 2 n 
T h e s e c o n d m o m e nt (r e pr es e nti n g t h e v ari a n c e) of Y is f o u n d as 
n   
2   g   Y  i 1  x 
n 
  g    
i 1  
 
  x i 
 g
, Ci   
x  i 
i 
2   n n   
2     g       x  
 
i 1 ( j i ) 1 

  x i 
i 
ix
      
  g 
  
   x jx i   
  
 C o V( x i , x j)  
x   j    

2   n n 





     i j  i j i 
  i 1  ( j  i ) 1x i   
 g







I n  E q.  ( 3. 4),  C o V  st a n ds  f or  t h e  co v ari a n c e.  T h e  c o v ari a n c e  of  t w o  r a n d o m  




    
 







 ( 3. 5)  
w h er e E is t h e e x p e ct e d ( m e a n) v al u e a n d x i a n d xj ar e t h e e x p e ct e d v al u es of xi a n d 
x j, r es p e cti v el y. If xi’ s ar e u n c orr el at e d (i. e., C o V( xi, xj) = 0 f or i≠ j), t h e n E q. ( 3. 4) r e d u c es 
C o V( x i , x j)  E[( x i  x i )( x j  x j)]
t o 
n   
2   g   Y 
i 1     x i  
2  
2   x  ( 3. 6)i 

   
x i   
A n alt er n ati v e w a y of pr o p a g ati n g t h e u n c er t ai nti es is t o us e a si m ul ati o n m et h o d.
T h e m ost c o m m o n si m ul ati o n m et h o d is M C S.  I n e a c h si m ul ati o n, a r a n d o m v al u e f or
e a c h  u n c ert ai n  v ari a bl e  is  s el e ct e d  a n d  t h e  c orr es p o n di n g  r es p o ns e  f u n cti o n  v al u e  is  
c al c ul at e d. T his pr o c es s is r e p e at e d u ntil s u ffi ci e nt r es p o ns e s a m pl es ar e c oll e ct e d.  T h e n, 
t h e m e a n a n d v ari a n c e of t h e r es p o ns e f u n ctio n ar e c al c ul at e d dir e c tl y fr o m t h e M C S p o ol 
of  r es p o ns e  v al u es.   D e p e n di n g  o n  t h e  c o m p ut ati o n al  c ost  of  e v al u ati n g  t h e  r es p o ns e  
f u n cti o n,  t h e  us e  of  M C S  m a y  b e  pr ef err e d  o v er  t h e  T a yl or  s eri es  a p pr o xi m ati o n  f or  
u n c ert ai nt y  pr o p a g ati o n.  Si n c e  t h e  mi cr o m e c h a ni c al  m o d el  pr o vi d e d  f or  t h e  n a n o -
e n h a n c e d m atri x m at eri al is n ot c o m p ut ati o n all y e x p e nsi v e, M C S a p pr o a c h is us e d f or 
m at eri al  u n c ert ai nt y  pr o p a g ati o n  t o  c al c ul at e  t h e  m a cr o-l e v el  m at eri al  pr o p erti es  
(stiff n ess, P oiss o n’s r ati o a n d str e n gt h).  
R eli a bilit y A n al ysis
I n t h e c o nt e xt of d esi g n a n d a n al ysis u n d er u n c ert ai nt y, it is n e c ess ar y t o c al c ul at e 
t h e pr o b a bilit y of f ail ur e ( Pf) or r eli a bilit y ( R = 1- Pf) of t h e str u ct ur al c o m p o n e nt. T o 
c al c ul at e t h e P f f or a str u ct ur al r es p o ns e,  a li mit st at e f u n cti o n n e e ds t o b e d efi n e d.  If
G X ,Y  r e pr es e nts a st o c h asti c r es p o ns e f u n cti o n wit h X  as v e ct or of r a n d o m v ari a bl es  














w h er e as G X ,Y   0  i m pli es  s af et y  wit h  G X ,Y   0  r e pr es e nti n g  t h e  li mit  st at e  s urf a c e       
t h at s e p ar at es t h e s af e a n d f ail ur e r e gi o ns of t h e r a n d o m- v ari a bl e s p a c e. F or t his r es p o ns e 
f u n cti o n, t h e Pf is d efi n e d as t h e pr o b a bilit y of G X ,Y  0 , w hi c h c a n b e c o m p ut e d usi n g 
t h e m ulti-i nt e gr al e q u ati o n 
P f  P G  X  ,Y    0    f x  ( X  )d X  ( 3. 7) 
G  X  ,Y   0 
w h er e fx  ( X )  is  t h e  j oi nt  pr o b a bilit y  d e nsit y  f u n cti o n  (J P D F)  of  t h e  r a n d o m  v ari a bl es
i nt e gr at e d o v er t h e f ail ur e d o m ai n i n t h e r a n d o m v ari a bl e s p a c e.  
I n its m ost b asi c f or m, a li mit st at e f u n cti o n m a y b e e x pr ess e d as 
G = R – L ( 3. 8) 
w h er e R a n d L ar e t h e pr o b a bilisti c r esi st a n c e a n d l o a d eff e ct, r es p e cti v el y.  
F ail ur e  o c c urs  w h e n  l o a d  eff e ct  e x c e e ds  r esist a n c e  ( R ≤ L).  S o,  t h e  P f is  t h e
pr o b a bilit y t h at l o a d eff e ct e x c e e ds r esist a n c e
 Pf = P ( R – L ≤  0) = P ( G≤ 0)  ( 3. 9)  
G e n er all y, f or t h e c as e w h er e R a n d L ar e c o nti n u o us r a n d o m v ari a bl es, P f e q u als 
t h e ar e a of t h e J P D F of G ≤  0. N ot e t h at g is als o a r a n d o m q u a ntit y w hi c h h as its o w n 
P D F. Fi g ur e 3. 2 ill ustr at es t h e g e n er al f or m of t h e v ari ati o n of l o a d, r esist a n c e a n d t h e 












Fi g ur e 3. 2 Pr o b a bilit y of f ail ur e, f u n d a m e nt al c o n c e pt. 
F or  m ost  e n gi n e eri n g  pr o bl e ms,  t h e  a n al yt i c al  i nt e gr ati o n  of  E q.  ( 3. 7)  is  n ot  
p ossi bl e;  h e n c e,  m a n y  si m ul ati o n  a n d  a p pr o xi m at e  a n al yti c al  m et h o ds  h a v e  b e e n  
d e v el o p e d f or c o m p o n e nt r e li a bilit y esti m ati o n.  
Si m ul ati o n- b as e d m et h o ds i n cl u d e t h e dir e ct M C S ( R u bi nst ei n 1 9 8 1) a n d its m or e 
a d v a n c e d  v ari a nts  s u c h  as  i m p ort a n c e  s a m pli n g  ( M el c h ers  1 9 9 9),  a d a pti v e  i m p ort a n c e  
s a m pli n g ( W u 1 9 9 4), a n d dir e cti o n al si m ul ati o n ( Ni e a n d Elli n g w o o d 2 0 0 0). 
A n al yti c al  m et h o ds,  i n cl u di n g  t h e  first-  a n d  s e c o n d- or d er  r eli a bilit y  m et h o ds
( F O R M a n d S O R M), i n v ol v e t h e tr a nsf or m ati o n of r a n d o m v ari a bl es a n d a p pr o xi m ati o n 
of n o nli n e ar li mit st at e f u n cti o n f or t h e d et er mi n ati o n of t h e m ost pr o b a bl e f ail ur e p oi nt 
( M P P) a n d t h e r eli a bilit y i n d e x  . I n str u ct ur al r eli a bilit y, MP P (s e e Fi g. 3. 3) r e pr es e nts 
t h e p oi nt o n t h e li mit st at e s urf a c e i n t h e sta n d ar d n or m al s p a c e t h at c orr es p o n ds t o t h e 
m a xi m u m  j oi nt  pr o b a bilit y  d e nsit y  f u n cti o n  or  t h e  w orst  c o m bi n ati o n  of  r a n d o m  
v ari a bl es  w h er e as  t h e  dist a n c e  fr o m  t h e  ori gi n  of  t h e  c o or di n at e  s yst e m  t o  M P P  
r e pr es e nts   ( H as of er a n d Li n d 1 9 7 4). It is w ort h m enti o ni n g t h at i n Fi g. 3. 3, t h e r a n d o m 
v ari a bl es x 1  a n d x2  ar e tr a nsf or m e d i nt o st a n d ar d n or m al s p a c e a n d d e n ot e d b y u 1  a n d u 2 .
M a n y  s ol uti o n  t e c h ni q u es  h a v e  b e e n  d e v el o p e d  f or  t h e  c al c ul ati o n  of  M P P  











c o m p aris o n  of  diff er e nt  al g orit h ms  gi v e n  b y  Li u  a n d  D er  Ki ur e g hi a n  ( 1 9 9 1).  Ot h er  
a p pr o xi m at e  r eli a bilit y  a n al ysis  m et h o ds  i n cl u d e  t h e  f ast  pr o b a bilit y  i nt e gr ati o n  ( F PI)  
( W u  a n d  Wirs c hi n g  1 9 8 7),  a d v a n c e d  m e a n v al u e  m et h o d  ( A M V)  ( W u  a n d  B ur nsi d e  
1 9 8 8) a n d its m or e a c c ur at e v ari a nt ( A M V +) ( W u et al. 1 9 9 0).  
Alt h o u g h — d e p e n di n g u p o n t h e f or m of t h e li m it st at e f u n cti o n a n d t h e n u m b er of 
r a n d o m  v ari a bl es  i n v ol v e d —t h e  a n al yti c al  m et h o ds  t e n d  t o  b e  l ess  a c c ur at e  t h a n  t h e  
si m ul ati o n- b as e d m et h o ds, t h e y ar e m or e c o m p ut ati o n all y effi ci e nt. 
Fi g ur e 3. 3 M ost pr o b a bl e p oi nt ( M P P) of f ail ur e i n t h e st a n d ar d n or m al s p a c e a n d t h e 
d efi niti o n of t h e r eli a bilit y i n d e x ( β ).
g  1       P f
 g 
B e si d e  t h e  f a ct  t h at  β  is  a n  a p pr o xi m ati o n  f or  t h e  P f  ( 
  
   or  
P f     (  ) ,  w h er e   ()  is  t h e  st a n d ar d  n or m al  c u m ul ati v e  distri b uti o n  f u n cti o n),
c al c ul ati n g β  is a n ot h er c h all e n gi n g t as k, es p e ci all y w h e n t h e li mit st at e f u n cti o n is hi g hl y

n o nli n e ar  or  n ois y.  Fi n di n g  M P P  t o  c al c ul at e  β ,  b y  its elf,  c a n  b e  tr e at e d  as  a n  










                  
 
 
                 
Fi n d u *  t h at w o ul d 
Tmi n    u u  s.t.  g( u )  0  ( 3. 1 0)  
T h e  diff er e n c e  a m o n g  v ari o us  a n al yti c al  m et h o ds  f or  fi n di n g  β  li es  i n  t h e
a p pr o a c h es t h e y i ntr o d u c e t o  s ol v e E q. ( 3. 1 0). A M V is a m o n gst t h e m e a n v al u e ( M V) 
b as e d  a p pr o a c h es,  w hi c h  h as  b e e n  us e d  i n  t his  st u d y.  Usi n g  m e a n  v al u es  as  t h e  
a p pr o xi m ati o n  p oi nt  is  a  c o n v e nti o n al  m et h o d  f or  esti m ati n g  t h e  m e a n  a n d  st a n d ar d  
d e vi ati o n of a r es p o ns e, a n d is t h e b asi c i d e a b e hi n d t he M V m et h o ds. T h es e m et h o ds 
us u all y  pr o vi d e  a n  a p pr o xi m at e  c u m ul ati v e  di stri b uti o n  f u n cti o n  ( C D F ) as p art of t h e
r eli a bilit y a n al ysis.
Ass u mi n g t h at a f u n cti o n is c o nti n u o us a n d s m o ot h ar o u n d t h e m e a n v al u es i n t h e 







  Z (  ) = Z( μ  ) +M V i ) ( X  - μ  a i X i ( 3. 1 1)X  X  = μ  i x i ) =  a 0 +x x 
i = 1 i = 1 
w h er e X  a n d μ  ar e r a n d o m v e ct or a n d m e a n  v al u e, r es p e cti v el y. Si n c e Z M V  f u n cti o n is 
li n e ar a n d e x pli cit, t h e r eli a bilit y i n d e x c a n eff e cti v el y b e c al c ul at e d as t h e r ati o of t h e 





F or n o nli n e ar li mit st at e f u n cti o ns, h o w e v er, t h e s ol uti o n b as e d o n E q. 3. 1 1 is, i n 
g e n er al, n ot a c c ur at e.  Hi g h er- or d er e x p a nsi o ns n e e d t o b e c o nsi d er e d. 
T h e A M V m et h o d ( W u et al. 1 9 9 0) w as pr o p os e d pri m aril y t o i m pr o v e t h e M V 
s ol uti o n  wit h  sli g htl y  m or e  c o m p ut ati o n al  eff ort.   B y  usi n g  a  c orr e cti o n  t er m,  A M V  
c o m p e ns at es f or t h e e x p a nsi o n tr u n c ati o n err or.  T h e A M V m o d el c a n b e e x pr ess e d b y 






w h er e H (Z M V ) is d efi n e d as t h e c orr e cti o n t er m f or hi g h er or d er e x p a nsi o n t er ms. H (Z M V ) 
d e n ot es  t h e  diff er e n c e  b et w e e n  t h e  e x a ct  v al u e  of  Z  c o m p ut e d  at  t h e  M P P,  a n d  t h e  
a p pr o xi m ati o n of  Z  c o m p ut e d at t h e M P P d et er mi n e d b y t h e M V m et h o d.  T h e a c c ur a c y
of A M V d e p e n ds o n t h e a c c ur a c y of t h e a p pr o xi m at e M P P. 
T h e A M V pr o c e d ur e c a n b e c o nsi d er e d a n M V m et h o d i n t h e first it er ati o n w h e n 
t h e li n e ari z ati o n is p erf or m e d at t h e m e a n p oi nt.  If s u bs e q u ent it er ati o ns ar e c arri e d o ut 
t o i m pr o v e r es ults, t h e A M V pr o c e d ur e b e c om es t h e s o- c all e d A M V + ( W u 1 9 9 4).  T his 
m et h o d is a n e xt e nsi o n of t h e A M V m et h o d w h er e t h e first- or d er T a yl or s eri es e x p a nsi o n 
of t h e li mit st at e f u n cti o n is p erf or m e d at t h e M P P i nst e a d of t h e m e a n v al u e p oi nt. Si n c e 
t h e l o c ati o n of M P P is n ot r e a dil y a v ail a bl e, A M V + us es a n it er ati v e pr o c e d ur e f or its
c al c ul ati o n a n d t h at of t h e P f. As a p art of t his r es e ar c h, a M A T L A B t o ol w as d e v el o p e d 
f or t h e i m pl e m e nt ati o n of t h e A M V + m et h o d f or r eli a bilit y ass ess m e nt.  
U nf ort u n at el y,  all  t h e  a n al yti c al  m et h o ds  of  fi n di n g  t h e  r eli a bilit y  i n d e x  ar e  
gr a di e nt  b as e d,  a n d  i n a c c ur a ci es  i n  t h e  gr a d i e nt  c al c ul ati o n  c a n  c a us e  t h e  s ol uti o n  t o  
di v er g e.  T his  is  oft e n  t h e  c as e  w h e n  t h e  r es p o ns es  of  i n t er est  ar e  n ois y  ( n o n-s m o ot h).  
B esi d es t h at, a n ot h er dis a d v a nt a g e of A M V b as e d m et h o ds is t h at  t h e y t e n d t o di v er g e f or 
c o n c a v e c o nstr ai nt f u n cti o ns ( Pr et ori us a n d Cr ai g 2 0 0 5). I n t his st u d y, t h e A M V + a n d 





            
 
                                                
  
 
C H A P T E R I V 
D E SI G N O P TI MI Z A TI O N U N D E R U N C E R T AI N T Y 
T h e dis c ussi o ns i n t his c h a pt er ar e b as e d o n t h e w or k b y R ais- R o h a ni et al. ( 2 0 1 0) 
o n d esi g n o pti mi z ati o n u n d er u n c ert ai nt y. 
D et e r mi nisti c D esi g n O pti mi z ati o n 
W h e n u n c ert ai nti es ar e eit h er i g n or e d or t h eir eff e cts ar e n ot e x pli citl y m o d el e d, 
d esi g n  o pti mi z ati o n  b e c o m es  “ d et er mi nisti c ”.  I n  t h at  c as e,  t h e  pr o bl e m  of  fi n di n g  t h e  
o pti m al v al u es of d esi g n v ari a bl es i n v e ct or Y  is f or m ul at e d as 
mi n  f (Y )
 s.  t.  g i Y    0 ; i  1, N g  ( 4. 1)  
Y l   Y   Y u ;  k = 1, N D V  k  k k 
w h er e f(Y ) is t h e o bj e cti v e f u n cti o n, g i is t h e i
t h i n e q u alit y c o nstr ai nt, a n d Y k  is t h e k
t h 
ud esi g n v ari a bl e wit h t h e l o w er  a n d u p p er b o u n ds (si d e c o nstr ai nts) d e n ot e d b y Y k
l a n d Y k 
, r es p e cti v el y. I n t h e c as e of c o nti n u o us d esi g n v ari a bl es, E q. ( 4. 1) c a n b e s ol v e d usi n g a 
m at h e m ati c al pr o gr a m mi n g m et h o d s u c h as t h e s e q u e nti al q u a dr ati c pr o gr a m mi n g ( S Q P) 
( R a o  1 9 9 6).   I n  S Q P,  t h e  ori gi n al  o bj e cti v e  a n d  c o nstr ai nt  f u n cti o ns  as  w ell  as  t h eir  
gr a di e nts  ar e  us e d  i n  t h e  f or m ul ati o n  of  a  q u a dr ati c  s u b pr o bl e m  f or  fi n di n g  t h e  
c o m p o n e nts of t h e s e ar c h dir e cti o n v e ct or at  e a c h d esi g n p oi nt. T his is f oll o w e d b y t h e
d et er mi n ati o n  of  o pti m u m  st e p  si z e  al o n g  t h e  s el e ct e d  s e ar c h  dir e cti o n  f or  fi n di n g  a n  
u p d at e d (i m pr o v e d) d esi g n p oi nt.  T h e pr o c e d ur e is r e p e at e d u ntil t h e s ol uti o n c o n v er g es 





   
 




I n E q. ( 4. 1), all d esi g n v ari a bl es a n d c o nstr ai nts h a v e d et er mi nisti c v al u es, a n d 
u n c ert ai nti es (if pr es e nt) ass o ci at e d wit h t h e m m a y b e a d dr ess e d o nl y i n a li mit e d w a y b y 
usi n g f a ct ors of s af et y o n m at eri al pr o p erti e s a n d c o nstr ai nt li mits. As s u c h, t h e o pti m al 
d esi g n p oi nt r es ulti n g fr o m d et er mi nisti c d esi g n o pti mi z ati o n c a n h a v e i n c o nsist e nt l e v els 
of f ail ur e pr o b a bilit y a m o n g t h e v ari o us f ail ur e m o d es. T h er ef or e, f or c o nsist e nt l e v els of 
f ail ur e pr o b a bilit y, t h e d et er mi nisti c f or m ul ati o n i n E q. ( 4. 1) is r e pl a c e d b y r eli a bilit y-
b as e d d esi g n o pti mi z ati o n ( R B D O) f or m ul ati o n.  
R eli a bilit y- B as e d D esi g n O pti mi z ati o n
T h e  u n d erl yi n g  u n c ert ai nti es  c a n  b e  r e pr es e nt e d  i n  t er ms  of  a n  n- di m e nsi o n al  
v e ct or of r a n d o m v ari a bl es, X    X 1 , X 2 ,..., X n 
T wit h e a c h v ari a bl e h a vi n g a c o nti n u o usl y 
diff er e nti a bl e c u m ul ati v e distri b uti o n f u n cti o n, F x ( X ) . 
T h er e ar e m ulti pl e w a ys of f or m ul ati n g a pr o b a bilisti c or r eli a bilit y- b as e d d esi g n 
o pti mi z ati o n ( R B D O) pr o bl e m ( E n e v ol ds e n a n d S or e ns e n 1 9 9 4, Fr a n g o p ol 1 9 9 5, T u et 
al.  1 9 9 9).  I n  a  g e n eri c  R B D O  pr o bl e m,  t h e  o pti m al  v e ct or  of  d esi g n  v ari a bl es  
Y    Y 1 ,Y 2 ,...,Y N D V 
T i s s o u g ht t h at w o ul d 
 mi n f ( X , Y )
 s.  t.  P f  P G  X, Y    0   P a ; i  1, N p  ( 4. 2)i   i  i 
Y l  Y  Y u ;  k = 1, N D V  k  k k 
w h er e P a i  r e pr es e nts t h e all o w a bl e v al u e or u p p er b o u n d o n t h e i
t h f ail ur e pr o b a bilit y, P f i 
f or  a  si n gl e  e v e nt  t h at  m a y  b e  r e pr es e nt e d  b y  a  u ni q u e  f ail ur e  m o d e  i n  a  str u ct ur al  
c o m p o n e nt  or  a  s yst e m.   T h e  
   Φ  - 
pr o b a bilisti c  c o nstr ai nts  i n  E q.  ( 4. 2)  m a y  b e  writt e n  as  
p )  P  G  X, Y    0 β   1 0  wit h  ti   
 1 P a i , w h er e  ()  is t h e st a n d ar dg ( X, Y   i ti  








s e p ar at e v e ct ors, t h e m e a n v al u es of r a n d o m v ari a bl es,  X  ar e oft e n c h os e n as t h e d esi g n
v ari a bl es. 
I n R B D O of str u ct ur al c o mp o n e nts, d esi g n u n c ert ai nti es ass o ci at e d wit h m at eri al 
pr o p erti es a n d l o a di n g c o n diti o n as w ell as t h e c o m p o n e nt s h a p e a n d si zi n g ar e c a pt ur e d 
i n t h e m at h e m ati c al f or m ul ati o n a n d s ol uti o n of t h e o pti mi z ati o n pr o bl e m.   
T h e pr es e n c e of pr o b a bilisti c d esi g n c o ns tr ai nts m a k es t h e s ol uti o n f or E q. ( 4. 2)
m or e  c h all e n gi n g  a n d  e x p e nsi v e  t h a n  t h at  f or  E q.  ( 4. 1).  Diff er e nt  a p pr o a c h es  f or  t h e  
e v al u ati o n  of  g i
p ( X ,Y )  h a v e  b e e n  d e v el o p e d.  I n  t h e  r eli a bilit y  i n d e x  a p pr o a c h  
( E n e v ol ds e n a n d S or e ns e n 1 9 9 4), g i
p ( X ,Y )  is d es cri b e d i n t er ms of a l o w er b o u n d o n t h e 
  
i ti    i X ,Y  ) 
w h er e as  i n  t h e  p erf or m a n c e  m e as ur e  a p pr o a c h  ( T u  et  al.  1 9 9 9),  it  is  m o d el e d  usi n g  
r eli a bilit y i n d e x (i. e., g p ( X ,Y )  1   i X ,Y    0 , w h er e  i X ,Y    
1 P G   0  
p - 1i n v ers e tr a nsf or m ati o n (i. e., i X, Y  ) = - G Φ (-β  )  0 , w h er e F P G   0 g (  F  t  ( 0)   i X ,Y   ).i i G i 
I n  g e n er al,  t h e  s ol uti o n  t o  t h e  R B D O  pro bl e m i n  E q.  ( 4. 2)  i n v ol v es  t w o  m aj or  
p arts:  t h e  s e ar c h  f or  t h e  o pti m u m  d esi g n  p oi nt  i n  t h e  d esi g n- v ari a bl e  s p a c e,  a n d  t h e  
e v al u ati o n of c o m p o n e nt f ail ur e pr o b a bilit y ( o r r eli a bilit y i n d e x) i n t h e r a n d o m- v ari a bl e 
s p a c e  at  e v er y  u p d at e d  d esi g n  p oi nt.  W h et h er  t h es e  t w o  p arts  ar e  k e pt  s e p ar at e  or  
c o m bi n e d,  t h e  effi ci e nt  s ol uti o n  of  R B D O  of  c o m pl e x  s yst e ms  r e q uir es  t h e  us e  of  
a p pr o xi m ati o n  t e c h ni q u es  i n  o n e  or  m or e  ar e as  i n cl u di n g  t h e  m o d eli n g  of  li mit  st at e  
f u n cti o ns,  t h e  e v al u ati o n  of  str u ct ur al  r eli a bilit y,  a n d  t he  d et er mi n ati o n  of  o pti m u m
d esi g n. 
R es p o ns e A p p r o xi m ati o n 
S ol vi n g  t h e  o pti mi z ati o n  pr o bl e ms  i n  E q s.  ( 4. 1)  a n d  ( 4. 2)  c a n  b e c o m e  v er y  





e x p e nsi v e  c o m p ut er  si m ul ati o ns.  D e p e n di n g  o n  pr o bl e m  n o nli n e arit y,  t h e  n u m b er  of  
d esi g n v ari a bl es a n d c o nstr ai nt f u n cti o ns, as  w ell as t h e o pti mi z ati o n m et h o d us e d, t h e 
s ol uti o n pr o c e d ur e m a y r e q uir e h u n dr e ds or t h o us a n ds of f u n cti o n e v al u ati o ns. A n ot h er 
i m p ort a nt  c o nsi d er ati o n  is  t h e  n o n-s m o ot h  (n ois y)  b e h a vi or  of  s o m e  of  t h e  r es p o ns e
f u n cti o ns  t h at  c o ul d  p os e  pr o bl e ms  i n  ap pli c ati o n  of  gr a di e nt- b as e d  o pti mi z ati o n  
m et h o ds.  H e n c e,  a p pr o xi m at e  m at h e m ati c al  m o d els  or  m et a m o d els  ar e  oft e n  us e d  t o  
o v er c o m e t h e diffi c ulti es a ss o ci at e d wit h c o m p ut ati o n a l c ost a n d n ois y r es p o ns es. 
A m et a m o d el is a l o w- c ost s urr o g at e f or a n  e x p e nsi v e c o m p ut er m o d el. It is b uilt 
usi n g d at a ( e x a ct r es p o ns e v al u es) fr o m si m u l ati o ns at t h e s el e ct e d tr ai ni n g p oi nts d efi n e d 
b y  t h e  c h os e n  s a m pli n g  t e c h ni q u e.  T o  i n cr e as e  t h e  effi ci e n c y  a n d  a c c ur a c y  of  t h e  
r es ulti n g  m et a m o d el,  v ari o us  d esi g n  of  ex p eri m e nts  ( D O E)  t e c h ni q u es  c a n  b e  us e d.  







Fi g ur e 4. 1 T h e pr o c ess of m et a m o d eli n g. 
Diff er e nt m et a m o d eli n g t e c h ni q u es s u c h as p ol y n o mi al r es p o ns e s urf a c e ( P R S),
r a di al b asis f u n cti o ns ( R B F), Kri gi n g, G a ussi a n pr o c ess, a n d s u p p ort v e ct or r e gr essi o n 
( W a n g  et  al.  2 0 0 6)  h a v e  b e e n  d e v el o p e d  wit h  diff er e nt  l e v els  of  c o m pl e xit y  a n d  
a c c ur a c y. M et a m o d el c o m p aris o n st u di es h a v e b e e n c arri e d o ut b y Ji n et al. ( 2 0 0 1) a n d 
W a n g et al. ( 2 0 0 6). T h e y us e d diff er e nt m etri c s s u c h as a c c ur a c y, r o b ust n ess, effi ci e n c y, 
tr a ns p ar e n c y, fl e xi bilit y, a n d c o n c e pt u al si m pli cit y t o c o m p ar e t h e p erf or m a n c e of s e v er al 
m et a m o d eli n g  t e c h ni q u es  b y  s ol vi n g  diff er e nt  e x a m pl e  pr o bl e ms.  R B F  is  g e n er all y  
s h o w n t o h a v e g o o d c a p a biliti es f or m o d eli n g n o nli n e ar r es p o ns es. F or e x a m pl e, F a n g et 
al.  ( 2 0 0 5)  a n d  R ais- R o h a ni  et  al.  ( 2 0 1 0)  s h o w e d  t h at  t h e  R B F  s urr o g at e  m o d els  ar e  




                                                          
 
     
  








                                                      
T h e b asi c f or m of R B F is gi v e n as 
n 
f  X =  λ i  ( X X i - ) 
i = 1
 ( 4. 3)  
w h er e f(X ) is t h e m et a m o d el pr e di cti o n at p oi nt X , n  is t h e n u m b er of tr ai ni n g p oi nts, X is 
t h e i n p ut v e ct or of n or m ali z e d v ari a bl es, X i is v e ct or of n or m ali z e d d esi g n v ari a bl es at t h e 
ri = X - X i = ( X - i
T  
iX ) ( X -it h  tr ai ni n g  p oi nt,  a n d  X )  is  t h e  E u cli d e a n  n or m  or  
dist a n c e r fr o m  p oi nt  X t o  t h e  tr ai ni n g  p oi nt  X i.  T h e  λ i p ar a m et ers  ar e  t h e  u n k n o w n  
i nt er p ol ati o n  c o effi ci e nts  t h at  m ust  b e  c al c ul at e d.  Φ  is  t h e  r a di all y  s y m m etri c  b asis  
f u n cti o n t h at c a n t a k e diff er e nt f or ms. E q. ( 4. 3) r e pr es e nts a li n e ar c o m bi n ati o n of a fi nit e 
n u m b er of b asis f u n cti o ns.  T y pi c al R B Fs ar e list e d b el o w. 
T hi n Pl at e S pli n e: Φ ( r) = r
2 l n( c. r) 
G a ussi a n:  Φ ( r) = e x p (- c. r
2 ) 
M ulti q u a dri c:   Φ (r)  = r
2  c 2 
1
Φ (r) = I n v ers e M ulti q u a dri c: 
r 2  c 2 
T h e p ar a m et er c  is a c o nst a nt t h at c a n b e us e d t o t u n e t h e R B F m o d el f or a gi v e n 
r es p o ns e.   V al u es  of  r ar e  b et w e e n  0  a n d  1  b e c a us e  t h e  tr ai ni n g  a n d  t est  p oi nts  ar e  
b et w e e n 0 a n d 1 r es ulti n g i n 0 < c ≤  1. 
T h e  i nt er p ol ati o n c o effi ci e nts, λ i,  c a n  b e  f o u n d  b y  mi ni mi zi n g  t h e  r esi d u al  (t h e  
s u m of t h e s q u ar es of  t h e d e vi ati o ns) as 
2n n 
R =  [f( X ) -  λ   (  - ) ]  i 
j = 1 
j 
j = 1 
i X X
 ( 4. 4)  
I n m atri x f or m, t his is e x pr ess e d as 





[ A ] =  (  X  - X  )j iw h er e wit h j = 1, n , a n d i = 1, n . Err or a n al ysis ty pi c all y r eli es o n 
d at a  at  t est  p oi nts  o utsi d e  of  t h e  tr ai ni n g  s et  si n c e  R B F is  a n  i nt er p ol ati o n  m o d el  t h at  
p ass es  t hr o u g h  all  t h e  tr ai ni n g  p oi nts.  A n ot h er  o pti o n  is  t o  us e  P R E S S  st atisti cs  b y  
d e v el o pi n g a m et a m o d el at n- 1 tr ai ni n g p oi nts a n d c al c ul ati n g t he err or at t h e nt h p oi nt. 








C H A P T E R V 
A P P LI C A TI O N P R O B L E M S 
T w o pr o bl e ms ar e st u di e d i n t his c h a p t er f or u n c ert ai nt y m o d eli n g a n d R B D O,
o n e i n v ol vi n g t h e el asti c b u c kli n g of a h y bri d  c o m p osit e c yli n d er a n d a n ot h er ai m e d at 
e n er g y a bs or pti o n of a h y br i d c o m p osit e cr us h t u b e. 
F or b ot h pr o bl e ms, t h e u n c ert ai nti es ass o ci at e d wit h t h e m at eri al p ar a m et ers at t h e 
l o w er  l e n gt h  s c al es  ar e  pr o p a g at e d  t o  t h e  m a cr os c al e  pr o p erti es  of  t h e  n a n o- e n h a n c e d  
m atri x  a n d  fi b er  r ei nf or c e d  p ol y m er  c o m p osit e  m at eri al  t o  e v al u at e  t h e  eff e ct  of  
u n c ert ai nti es o n b ot h m at eri al a n d str u ct ur al r es p o ns es. As st at e d i n t h e pr e vi o us c h a pt ers, 
b e c a us e  of  m a n y  f a ct ors,  m ai nl y  d u e  t o  m a n uf a ct uri n g  a n d  pr o c ess  i m p erf e cti o ns,  t h e  
g e o m etri c  a n d  m e c h a ni c al  pr o p erti es  of  t h e  c o nstit u e nt  m at eri als  i n  n a n o-r ei nf or c e d
c o m p osit e m at eri als ar e s u bj e ct t o r a n d o m u n c ert ai nt y. F or i nst a n c e,  all t h e n a n ofi b ers 
m a y  n ot  h a v e  t h e  s a m e  as p e ct  r ati o,  or  t h e  i nt er p h as e  r e gi o n  m a y  n ot  h a v e  c o nst a nt  
t hi c k n ess f or all t h e fi b ers i n t h e m atri x.
E v e n t h o u g h s o m e r es e ar c h h as b e e n c o n d u ct e d f or q u a ntif yi n g t h e u n c ert ai nt y i n 
n a n o-r ei nf or c e m e nt g e o m etr y a n d n a n o-r ei nf or c e d c o m p osit e str u ct ur es ( T h ost e ns o n a n d 
C h o u 2 0 0 2 a n d 2 0 0 3), w e h a v e n ot f o u n d a n y r e p orts  of r es e ar c h o n t h e eff e ct of t h es e 
u n c ert ai nti es  o n  d esi g n  of  str u ct ur es  m a d e  of  or  c o nt ai ni n g  n a n o- e n h a n c e d  m atri x  
m at eri als. 
F urt h er m or e,  it  is  n e c ess ar y  t o  pr o p a g at e  t h es e  u n c ert ai nti es  fr o m  t h eir  r o ot









e xt e nt  of  v ari a bilit y  i n  r es p o ns es  of  t h e  st r u ct ur al  c o m p o n e nt  m a d e of  s u c h  a d v a n c e d  
m at eri als. D u e t o t h e l a c k of e x p eri m e nt al d a t a d es cri bi n g t h e v ari a bilit y of t h e i nfl u e nti al 
p ar a m et ers,  a  distri b uti o n  f u n cti o n  is  pr es cr i b e d  f or  e a c h  r a n d o m  v ari a bl e  as  gi v e n  i n  
T a bl e  5. 1.  T h e  m at eri al-l e v el  r a n d o m  v ari a bl es  i n cl u d e  b ut  ar e  n ot  li mit e d  t o  C N F  
v ol u m e fr a cti o n a n d w a vi n ess, as w ell as i nt e r p h as e t hi c k n ess a n d i nt er p h as e v ari ati o n 
p ar a m et er. T h e v ari ati o n of t h es e m at eri al p ar a m et ers m a y a p p e ar i n t h e o ut p ut of t h e 
mi cr o m e c h a ni c al  m at eri al  m o d el  (stiff n ess  a n d  str e n gt h)  i n  t h e  f or m  of  a  distri b uti o n  
i nst e a d of d et er mi nisti c o ut p ut v al u es. At t h e str u ct ur al l e v el, t h e d esi g n v ari a bl es ar e t h e 
g e o m etri c p ar a m et ers of t h e str u ct ur e.  
S o m e  pr o p erti es  t h at  m a y  n ot  h a v e  a n y  si g nifi c a nt  v ari ati o ns,  s u c h  as  m atri x  
pr o p erti es ( E m  = 3. 5 G P a, ν  m  = 0. 3) a n d C N F P oiss o n’s r ati o ( ν f = 0. 3), ar e c o nsi d er e d
d et er mi nisti c a n d c o nst a nt. T h e el asti c pr o p er ti es of t h e i n n er m ost a n d o ut er m ost l a y ers
of t h e i nt er p h as e ( E I-i n a n d EI- o ut) ar e ass u m e d t o b e e q u al t o t h os e of C N F a n d m atri x,
r es p e cti v el y.  T h er ef or e,  ot h er  t h a n  t h e  t hi c k n ess  ( vi a  I P T R)  a n d  i nt er p h as e  v ari ati o n
p ar a m et er  n,  t h e  u n c ert ai nt y  wit hi n  t h e  pr o p erti es  of  t h e  i nt er p h as e  ( vi a  E I- o ut)  i s  





















T a bl e 5. 1 Pr o b a bilisti c v al u es of t h e r a n d o m v ari a bl es i nfl u e n ci n g t h e o v er all 
pr o p erti es of t h e c o m p osit e i n s m all l e n gt h s c al e 
R a n d o m 
v a ri a bl e
C N F V ol u m e 
Fr a cti o n 
 ( G P a) E
f
I nt er p h as e V ari ati o n 
P ar a m et er ( n) 
I nt er p h as e 
W a vi n ess 
(λ ) 
W a vi n ess 
( a)
T hi c k n ess R ati o 
(I P T R)
M e a n V al u e 0. 0 1 4 5 0 1 0. 5 1 5 0 5 0 
St a n d ar d 
D e vi ati o n 
0. 0 0 3  1 0 0 0. 2 5  0. 0 5  3 0  1 5  
O ut p ut 
E _ C o m p osit e 
( G P a)
ν _ C o m p osit e 
M e a n V al u e 3. 9 2  0. 2 9 3
St a n d ar d 
D e vi ati o n 
0. 1 9 4  0. 0 0 2
Usi n g M C S wit h 1 0 0 0 s a m pl es, t h e m e a n a n d st a n d ar d d e vi ati o n of t h e eff e cti v e 
pr o p erti es of t h e n a n o- e n h a n c e d m atri x ar e f o u n d t o b e t h os e gi v e n i n t h e b ott o m t w o 
r o ws of T a bl e 5. 1. 
K n o wi n g t h e u n c ert ai n el asti c pr o p erti es of t h e n a n o-r ei nf or c e d m atri x m at eri al, 
w e ar e a bl e t o pr o p a g at e t h e m t o t h e o v er all el asti c pr o p erti es of a si n gl e l a mi n a m a d e of 
s u c h m atri x a n d c o n v e nti o n al fi b ers ( E- gl ass i n  o ur c as e). T o t his e n d, w e h a v e us e d t h e 
r ul e  of  mi xt ur es  t o  c al c ul at e  t h e  pl y  pro p erti es  m a d e  of  E- gl ass  a n d  n a n o- e n h a n c e d  
m atri x.  It  s h o ul d  b e  n ot e d  t h at  t h er e  ar e  s o m e  a d diti o n al  u n c ert ai nti es  i n  m a cr os c al e
w hi c h m a y aff e ct t h e pl y/l a mi n at e pr o p erti es i n cl u di n g t h e E- gl ass elasti c pr o p erti es, t h e 
v ol u m e fr a cti o n of t h e fi b ers, a n d pl y a n gl es. T a bl e 5. 2 s h o ws t h e r es ults of 1 0 0 0 M C S 
c o nsi d eri n g  t h e  ass u m e d  u n c ert ai n  pr o p erti e s  i n  a  [ 4 5/- 4 5/ 9 0/ 9 0]  E- gl ass  vi n yl- est er  








      
 
   
  
     
 





T a bl e 5. 2 Pr o b a bilisti c v al u es of t h e r a n d o m v ari a bl es i nfl u e n ci n g t h e o v er all 
pr o p erti es of t h e c o m p osit e l a mi n at e i n l ar g e l e n gt h s c al e 
R a n d o m 
v a ri a bl e
Fi b er ( E- gl ass) V ol u m e 
Fr a cti o n 
E  ( G P a) 
f θ 4 5/- 4 5  ( d e g) θ  9 0/ 9 0 ( d e g) 
M e a n V al u e 0. 4 7 2. 4 4 5/- 4 5 9 0/ 9 0 
St a n d ar d 
D e vi ati o n 
0. 0 5  6. 9 3  3  
O ut p ut O n- a xis m o d ul u s E 1  ( G P a) Off- a xis m o d ul u s E 2  ( G P a) G 1 2  ( G P a) ν 1 2 
M e a n V al u e 2 9 6. 4 4. 8 0. 2 6 
St a n d ar d 
D e vi ati o n 
4. 6  0. 5 8 0. 0 2 8  0. 0 0 4  
H a vi n g  t h e  a b o v e  m at eri al  m o d el,  w e  m a y  c h a n g e  diff er e nt  pr o p erti es  of  t h e  
fi b er/i nt er p h as e t o c a pt ur e t h eir eff e ct o n t h e o v er all el asti c m o d ulus of n a n o- e n h a n c e d 
m atri x. I n or d er t o d o t h at, t h e m e a n pr o p ert i es of t h e n a n ofi b er ar e p ert ur b e d b y a v er y 
s m all r a n g e (i. e., 1 %) t o d et er mi n e t h e c h a n g e  i n t h e el asti c m o d ul us of t h e c o m p osit e as 
s h o w n i n Fi g. 5. 1. 
Fi g ur e 5. 1 S e nsiti vit y of el asti c m o d ul us ( M at eri al s e nsiti vit y) i n t er ms of diff er e nt 










As s h o w n i n Fi g. 5. 1, t h e el asti c m o d ul us is m ostl y s e nsiti v e t o v ol u m e fr a cti o n of
t h e n a n ofi b ers. S o, it is w ort h t o o v er c o m e s u c h pr o bl e ms as a g gl o m er ati o n, w hi c h t e n d 
t o l ess e n t h e eff e cti v e v ol u m e fr a cti o n of t he n a n o-r ei nf or c e m e nts. T h e eff e cts of ot h er 
f a ct ors  i nfl u e n ci n g  t h e  o v er all el asti c  m o d ul us  ar e  als o  s h o w n  i n  t h e  e nl ar g e d  fi g ur es  
i n cl u di n g t h e n a n ofi b er w a vi n ess, w hi c h h as a n i n v ers e eff e ct. 
P r o bl e m 1: El asti c B u c kli n g of  a H y b ri d C o m p osit e C yli n d e r 
F or u n c ert ai nt y pr o p a g ati o n at t h e str u ct ur al l e v el, t h e a xi al b u c kli n g r es p o ns e of 
a  t hi n- w all e d  cir c ul ar  c yli n d er  is  c o nsi d er e d.  T h e  c yli n d er  is  u n d er  u nif or m  a xi al  
c o m pr essi o n  wit h  t h e  l o a d e d  e d g es  cl a m p e d  as  s h o w n  i n  Fi g.  5. 2.  T h e  c yli n d er  is  
ass u m e d  t o  h a v e  a  fil a m e nt- w o u n d  l a mi n at e d  s h ell  c o nsisti n g  of  f o ur  u ni dir e cti o n al  
l a y ers  [ 4 5/- 4 5/ 9 0/ 9 0]  wit h  e a c h  l a y er  m a d e of  “ E- gl ass/ C N F-r ei nf or c e d  vi n yl- est er ”  
h a vi n g t h e st atisti c al pr o p erti es  s h o w n i n T a bl es 5. 1 a n d 5. 2. T h e fi b ers i n t h e 9 0- d e gr e e 
pli es ar e ali g n e d i n t h e h o o p dir e cti o n.  
T h e c o m p ut ati o n al m o d el us e d tr e ats t h e ci r c ul ar c yli n d er as a s e mi cir c ul ar s h ell 
wit h  t h e  u nl o a d e d  e d g es  h a vi n g  s y m m etri c  b o u n d ar y  c o n diti o ns  a n d  t h e  l o a d e d  e d g es  
tr e at e d as cl a m p e d as s h o w n i n Fi g. 5. 3. T his m o d el f alls u n d er t h e g e n er al c at e g or y of 
t hi n-s h ell  str u ct ur es  wit h  t h e  dis pl a c e m e nt  fi el d  d es cri b e d  b y  t h e  first- or d er  s h e ar  
d ef or m ati o n t h e or y f or m ul at e d as 
u (x ,y , z)  u 0 (x ,y )  zϕ x (x ,y ) 
v (x , y ,z)  v 0 (x , y )  zϕ y (x ,y )  ( 5. 1)  
w (x , y ,z)  w 0 (x , y ) 
w h er e u 0 ,v 0 ,w 0  ar e  t h e  mi d- pl a n e  dis pl a c e m e nts  i n  x , y , z dir e cti o ns  (s e e  Fi g.  5. 3),  
r es p e cti v el y,  a n d  ϕ x , ϕ y  d es cri b e  r ot ati o ns  a b o ut  t h e  y  a n d x  a x es,  r es p e cti v el y.  T h e  












T o o bt ai n t h e criti c al b u c kli n g l o a d, t h e dis pl a c e m e nts u 0 , v 0 , w 0  a n d r ot ati o ns x , y 
ar e  a p pr o xi m at e d  b y  diff er e nt  Rit z  s eri es  wit h  L e g e n dr e  p ol y n o mi als  us e d  as  t h e  
i nt er p ol ati o n  f u n cti o ns  s u c h  t h at  t h e  ess e nti al  b o u n d ar y  c o n diti o ns  ar e  s atisfi e d.  T h e n,  
t hr o u g h t h e a p pli c ati o n of t h e pri n ci pl e of mi ni m u m t ot al p ot e nti al e n er g y, t h e criti c al 
b u c kli n g  l o a d  is  f o u n d  b y  s ol vi n g  t h e  ei g e n v al u e  pr o bl e m  f or  t h e  cr iti c al  l o a d  f a ct or  
( R ais- R o h a ni 2 0 0 3).
Fi g ur e 5. 2 Str u ct ur al m o d el of t h e t hi n- w all e d c o m p osit e c yli n d er ( R ais- R o h a ni 2 0 0 3). 
Fi g ur e 5. 3 C o m p ut ati o n al m o d el f or cir c ul ar c y li n d er i n b u c kli n g ( R ais- R o h a ni 2 0 0 3). 
A  c o m p ut er  i m pl e m e nt ati o n  of  t h e  d es cri b e d  a n al ysis  pr o c e d ur e  d e v el o p e d  b y  
J a u n k y a n d K ni g ht ( 1 9 9 9) is us e d t o g e n er at e  t h e n e c ess ar y r es p o ns e s a m pl es of b u c kli n g











T h e s a m e s e nsiti vit y a n al ysis c a n b e d o n e at  t h e str u ct ur al l e v el w hi c h is s h o w n i n 
Fi g.  5. 4.  B y  p ert ur bi n g  t h e  pl y  l e v el  m at e ri al  pr o p erti es  a b o ut  t h eir  r es p e cti v e  m e a n  
v al u es, it is p ossi bl e t o c al c ul at e t h e criti c al b u c kli n g l o a d usi n g t h e a b o v e m o d el, a n d 
d et er mi n e t h e s e nsiti vit y of t h e b u c kli n g l o a d t o e a c h pr o p ert y. It is w ort h m e nti o ni n g 
t h at t his s e nsiti vit y is o nl y v ali d f or t his str u ct ur e wit h t his s p e cifi c l a y u p. A n i nt er esti n g 
f e at ur e t h at Fi g. 5. 4 r e v e als is t h e e xtr e m el y l ar g e s e nsiti vit y of t h e criti c al l o a d t o t h e i n-
pl a n e P oiss o n’s r ati o of t h e pli es ( ν 1 2 ). H o w e v er, P oiss o n’s r ati o is n ot a n i n d e p e n d e nt 
p ar a m et er t h at c a n b e c h a n g e d wit h o ut c h a n gi n g ot h er p ar a m et ers. S o, c o nsi d eri n g it as 
a n i n d e p e n d e nt d esi g n v ari a bl e t o c h a n g e t h e criti c al b u c kli n g l o a d m a y n ot l e a d t o t h e 
d esir e d g o al. S e c o n dl y, t h e r a n g e of v ari a bil it y of P oiss o n’s r ati o is v er y li mit e d a n d it 
m a y n ot c h a n g e dr asti c all y w h e n ot h er p ar a m et ers c h a n g e wit h t h eir r es p e cti v e b o u n ds. 
Fi g ur e 5. 4 S e nsiti vit y of criti c al b u c kli n g l o a d ( Str u ct ur al S e nsiti vit y) i n t er ms of 
diff er e nt c h ar a ct eristi cs of t h e u ni dir e cti o n al c o m p osit e pli es. 
A cir c ul ar c yli n d er wit h t h e o v er all el asti c pr o p erti es of t h e c o m p osit e m at eri als 
d efi n e d i n T a bl es 5. 1 a n d 5. 2 is o pti mi z e d f or mi ni m u m v ol u m e ( or w ei g ht) s u bj e ct t o a 




   
   







 Mi n.  V ol u m e
 s.t. P  [ P cr / V ol u m e ≤ ( Pcr / V ol u m e)0 ] < Pf 0 
0. 0 0 6  i n  ≤  t4 5 ≤  0. 0 1 4 i n ( 5. 2) 
0. 0 0 6  i n  ≤  t9 0 ≤  0. 0 1 4 i n 
6  i n  ≤  r ≤  1 0 i n 
w h er e P cr , Pf 0, r, t4 5 , a n d t9 0  ar e t h e b u c kli n g l o a d, pr es cri b e d pr o b a bilit y of f ail ur e, m e a n
r a di us  of  t h e  c yli n d er,  t hi ck n ess  of  t h e  4 5/- 4 5  pli es,  a n d  t hi c k n ess  of  t h e  9 0  pli es,
r es p e cti v el y. T h e c yli n d er h as a fi x e d h ei g ht of 1 4 i n. T h er efor e, t h e d esi g n v ari a bl es ar e 
r, t4 5 , a n d t9 0  wit h ( Pcr / V ol u m e)0  = 4 5 0 l b/i n
3 . 
T h e c h all e n gi n g p art of t h e o pti mi z ati o n pr o bl e m i n E q. ( 5. 2) is t h e l a c k of a n 
a n al yti c al f u n cti o n f or t h e pr o b a bilisti c c o nstr ai nt. T o all e vi at e t his pr o bl e m, it is r eli e d 
o n d esi g n a n d a n al ysis of c o m p ut er e x p eri m e nt s t o d e v el o p a n a n al yt i c al s urr o g at e m o d el 
w hi c h  c a n  esti m at e  t h e  pr o b a bilit y  of  f ail ur e  i n  t er ms  of  t h e  d esi g n  v ari a bl es  w hil e  
c o nsi d eri n g t h e i nfl u e n c e of t h e r a n d o m v ari a bl es aff e ctin g t h e m at eri al pr o p erti es.  
Usi n g  a  u nif or m  r a n d o m  s a m pli n g,  a  p o p ul ati o n  of  t w e nt y-fi v e  d esi g n  p oi nts  
(D V 1  t o  D V 2 5 )  w as  g e n er at e d,  wit h  e a c h  of  t h e  t hr e e  d esi g n  v ari a bl es  t a ki n g  r a n d o m  
v al u es wit hi n t h e s p e cifi e d b o u n ds i n E q. ( 5. 2 ). I n a d diti o n, w e g en er at e d a p o p ul ati o n of 
2 5 0 s a m pl es of r a n d o m v ari a bl es ( R V 1  t o R V 2 5 0 ) wit h e a c h of t h e el e v e n v ari a bl es t a ki n g 
r a n d o m v al u es b as e d o n t h eir st atisti c al pr o p erti es i n T a bl es 5. 1 a n d 5. 2.  F or e a c h d esi g n 
p oi nt, 2 5 0 b u c kli n g l o a ds w er e c al c ul at e d c orr es p o n di n g t o t h e r a n d o m v e ct ors R V 1  t o
R V 2 5 0 . Wit h r a n d o m v ari a bl es tr e at e d as i n p ut v ari a bl es, a m et a m o d el is c o nstr u ct e d f or 
t h e  b u c kli n g  l o a d  at  e a c h  d esi g n  p oi nt  D V i.  H a vi n g  a n  a n al yti c al  m et a m o d el  f or  t h e  
b u c kli n g l o a d, w e p erf or m e d 5 x 1 0 6  M C S t o c al c ul at e t h e pr o b a bilit y of f ail ur e Pi f or t h at 
s p e cifi c  d esi g n  v e ct or.  Aft er  r e p e ati n g  t his  pr o c e d ur e  f or  e a c h  s et  of  d esi g n  v ari a bl es  
D V i, w e b uilt a n ot h er m et a m o d el w hi c h r el at es t he d esi g n v ari a bl es t o t h e pr o b a bilit y of 











o pti mi z ati o n  f or m ul ati o n  ( E q.  ( 5. 2))  as  t h e  i n e q u alit y  c o nstr ai nt  o n  t h e  pr o b a bilit y  of  
f ail ur e  f or  a  s p e cifi c  b u c kli n g  l o a d  c a p a cit y.  Fi g ur e  5. 5  s h o ws  t h e  d es cri b e d  bi-l e v el  
m et a m o d eli n g a p pr o a c h. 
Fi g ur e 5. 5 T h e i ntr o d u c e d bi-l e v el m et a m o d eli n g a p pr o a c h f or d esi g n o pti mi z ati o n 
u n d er u n c ert ai nt y of m at eri al pr o p erti es i n a h y bri d c o m p osit e c yli n d er 
R B F  is  us e d  t o  est a blis h  s urr o g at e  m o d els  r el ati n g  t h e  s p e cifi c  P cr  t o  t h e  i n p ut  
v ari a bl es. Gi v e n t h e n or m ali z e d i n p ut v ari a bl e v e ct or X a n d r es p o ns e v al u es at n  tr ai ni n g 
p oi nts,  a n  R B F  a p pr o xi m ati o n  of  t h e  tr u e  r es p o ns e  f u n cti o n  is  f o u n d  usi n g  t h e  
m ulti q u a dri c f or m ul ati o n of R B F  ( r )   r 2   c 2  wit h c = 0. 0 1 .
T o ass ess t h e o v er all a c c ur a c y of t h e c o nstr u ct e d s urr o g at e m o d els, t h e a v er a g e 
err or st atisti c w as c o nsi d er e d. T h e R B F pr e d i cti o ns w er e b as e d o n fitti n g a m o d el usi n g 
r es p o ns es at n - 1 tr ai ni n g p oi nts a n d m e as uri n g t h e pr e di cti o n at t h e n t h p oi nt  e x cl u d e d 
fr o m  t h e  s et.   T h e  a v er a g e  of  n  diff er e nt  s urr o g at e  m o d els  w as  us e d  t o  o bt ai n  t h e
ass o ci at e d err or st atisti cs. T h e m a xi m u m e rr or w as f o u n d t o b e 1. 3 7 % f or b u c kli n g l o a d









Aft er fi n di n g a n a n al yti c al f or m f or t h e pr o b a bilisti c c o nstr ai nt i n E q. ( 5. 2), t h e 
r es ulti n g  o pti mi z ati o n  pr o bl e m  w as  s ol ve d  usi n g  t h e  S Q P  t e c h ni q u e  i n  M A T L A B  
s oft w ar e. 
Fi g ur e 5. 6 s h o ws t h e o pti m u m t hi c k n ess of [ 4 5/- 4 5] a n d [ 9 0/ 9 0] pli es i n t h e s ki n 
l a mi n at e of t h e c o m p osit e c yli n d er i n t er ms of t h e d esir e d pr o b a bilit y of f ail ur e. F ail ur e 
i n  t his  pr o bl e m  is  d efi n e d  as  t h e  s p e cifi c  b u c kli n g  l o a d  c a p a cit y  ( Pcr / V ol u m e)  <  4 5 0  
l b/i n3 . 
Fi g ur e 5. 6 T h e o pti mi z ati o n r es ults f or t h e b u c kli n g pr o bl e m. 
T h e r es ults i n Fi g. 5. 6 s h o w h o w t h e a n gl e pli es q u a ntit ati v el y s h o ul d c o ntri b ut e 
m or e i n c arr yi n g t h e a xi al l o a d t o a v oi d b u c kli n g of t h e h y bri d c o m p osit e c yli n d er. F or 
t h e pr o b a bilit y of f ail ur e l ess t h a n a s p e cifi c v al u e ( e. g., 0. 3 i n t his c as e) t h e [ 9 0] pli es 
s h o ul d b e t hi c k er t h a n t h eir l o w er b o u n d ( 0. 0 0 6 i n). T his m e a ns t h at f or t h e u n c ert ai nti es 
d efi n e d b y t h e r a n d o m v ari a bl es, t h e cir c u mf e r e nti al stiff n ess pr o vid e d b y t h e mi ni m u m 







T h e fi b er- dir e cti o n pr o p erti es of t h e pli es ar e l ess pr o n e t o c ha n g e b y v ari a bilit y of m atri x 
pr o p erti es  ( c o mi n g  fr o m  l o w er  l e n gt h  s c al e  u n c ert ai nti es).  T h er ef or e,  f or  l o w  
pr o b a biliti es of f ail ur e, t h e [ 4 5/- 4 5] pl y pr o p erti es ar e n ot hi g h e n o u g h t o g u ar a nt e e t h e 
b u c kli n g  l o a d  t o  b e  hi g h er  t h a n  t h e  d esir e d  v al u e.  T h er ef or e,  t h e  [ 9 0]  pli es  s h o ul d  
c o ntri b ut e m or e t o k e e p t h e pr o b a bilit y of f ail ur e l ess t h a n t h e pr es cri b e d v al u e. I n all of 
t h e c as es i n Fi g. 5. 6, t h e o pti m u m r a di us of t h e c yli n d er is its  l o w er b o u n d of 6 i n. 
Fi g ur e 5. 7 Mi ni m u m v ol u m e of t h e c o m p osit e c y li n d er i n t er ms of d esir e d mi ni m u m 
T h e r a di us of t h e c o m p osit e c yli n d er as a r es ult of t h e o pti mi z ati o n pr o bl e m di d 
n ot  c h a n g e  f or  diff er e nt  v al u es  of  t h e  pr o b a bi lit y  of  f ail ur e.  Als o  as  Fi g.  5. 6  r e v e als,  
s u m m ati o n of t h e o pti m u m t hi c k n ess es of [ 4 5/- 4 5] a n d [ 9 0/ 9 0] pli es v a r y li n e arl y s o t h at 
it  r es ults  i n  a  li n e ar  v ari ati o n  of  t h e  mi ni m u m  v ol u m e  of  t h e  c yli n d er  i n  t er ms  of  t h e  










P r o bl e m 2: E n e r g y A bs o r pti o n of a H y b ri d C o m p osit e C r us h T u b e
Fi g ur e 5. 8 s h o ws a cir c ul ar cr us h t u b e m a d e of l a mi n at e d c o m p osit e m at eri al. T h e 
cr us h p erf or m a n c e of t h e t u b e is st u di e d f or diff er e nt l a y u p c o nfi g ur ati o ns a n d b o u n d ar y 
c o n diti o ns, wit h a n d wit h o ut n a n ofi b er e n h a n c e m e nt i n t h e m a tri x. L o a di n g o c c urs w h e n 
a ri gi d pl at e is pr ess e d a g ai nst t h e fi x e d or si m pl y s u p p or t e d t u b e as s h o w n i n Fi g. 5. 8 
r es ulti n g i n a q u asi-st ati c l o a di n g c o n diti o n.  
C r us h Si m ul ati o ns Usi n g G E N O A 
Usi n g a hi er ar c hi c al a p pr o a c h s h o w n i n Fi g. 5. 9, t h e c o m p ut er s oft w ar e G E N O A 
is us e d t o p erf or m a pr o gr essi v e f ail ur e a n al ysis ( P F A) of t h e cr us h t u b e.  
Fi g ur e 5. 8 G e o m etr y, l o a di n g a n d b o u n d ar y c o n diti o ns of t h e c o m p osit e cr us h t u b e. 








I n  c o ntr ast  t o  t h e  c o nti n u u m  d a m a g e  me c h a ni cs  ( C D M)  i n  w hi c h  t h e  eff e ct  of  
d a m a g e  gr o wt h  is  r e pr es e nt e d  b y  s m e ari n g  t h e  r es p o ns e  o v er  a  r e pr es e nt ati v e  v ol u m e  
el e m e nt ( R V E) at m a cr o-l e v el ( F arl e y a n d J o n es 1 9 9 2, R a m a kris h n a et al. 1 9 9 5), i n P F A 
t h e  d et eri or ati o n/ d a m a g e  i n  t h e  m at eri al  is c o nsi d er e d  w h e n  t h e  criti c al  c o n diti o n  is  
r e a c h e d. Tr a diti o n al P F A us es s o m e f ail ur e crit eri a t o i n v esti g at e t h e pl y f ail ur e t hr o u g h 
l a mi n ati o n t h e ori es a n d t h e n r e m o v es or r e d uc es t h e stiff n ess c o ntri b uti o n of f ail e d pli es 
fr o m  t h e  l a mi n at e  ( T a y  et  al.  2 0 0 8),  w h er e as  t h e  m or e  a d v a n c e d  P F A  s c h e m e s  
i n c or p or at e  p h ysi cs- b as e d  f ail ur e  crit eri a  a c c or di n g  t o  p h e n o m e n ol o gi c al  m o d els  wit h  
hi g h er fi d elit y d e gr a d ati o n m o d el i n a n i n cr e m e nt al pr o c ess. I n e a c h i n cr e m e nt, P F A c o d e 
is utili z e d t o e v al u at e t h e m at eri al r es p o ns e b as e d o n t h e st at e of str ess or str ai n. A r e vi e w 
of diff er e nt d e gr a d ati o n m o d e ls f or P F A of fi b er r ei nf orc e d p ol y m er c o m p osit es c a n b e 
f o u n d i n ( G ar ni c h a n d A k ul a 2 0 0 9). 
I n g e n er al, tr a diti o n al P F A m o d els us e t h e pl y r e m o v al/r e d u cti o n/ dis c o u nt m et h o d 
t o d e gr a d e t h e m at eri al pr o p erti es. O n c e a s p e cifi c f ail ur e m o d e is i d e ntifi e d, t h e v al u es 
of  a p pr o pri at e  el asti c  pr o p ert i es  of  t h e  pl y  i n  t h e  m at erial  dir e cti o n  ar e  pr o p orti o n all y  
r e d u c e d fr o m t h e u n d a m a g e d t o f ull y d a m a g e d stat e t h at is us u all y c o nsi d er e d a c o m pl et e 
l oss. T his pr o c e d ur e is a p pli e d t o all t h e i n di vi d u al pli es u ntil all t h e pli es f ail. T h e n, t h e 
el e m e nts c a n b e d e a cti v at e d or c a n b e k e pt b y assi g ni n g s m all stiff n ess pr o p erti es. 
I g n ori n g  t h e  p h e n o m e n a  t h at  o cc ur  at  l e n gt h  s c al es  l o w er  t h a n  pl y  l e v els  i n  
tr a diti o n al  P F A  m a y  l e a d  t o  a  c o ns er v ati v e  d esi g n  a n d/ or  f ail  t o  c a pt ur e  t h e  f ail ur e  
b e h a vi or  at  t h e  m at eri al  c o nstit u e nt  (fi b er  a n d  m atri x)  l e v el.  I n  or d er  t o  g et  cl os er  t o  
m ultis c al e d esi g n/ a n al ysis, m or e a d v a n c e d P F A pr o c e d ur es s u c h as t h os e i m pl e m e nt e d i n 
G E N O A/ P F A  c o nsi d er  l o w er  s c al e  m at eri al  d e gr a d ati o n  b as e d  o n  mi cr o m e c h a ni cs.  I n  
t his a p pr o a c h, t h e pl y pr o p erti es ar e c o nsi d er e d t o b e e q ui v al e nt t o t h e pr o p erti es of a u nit 
7 8 
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c ell, w h er e b y i n di vi d u al u nits c o nsisti n g of fi b er s urr o u n d e d b y ( a n i nt er p h as e if t h er e 
e xists  a n y,  a n d)  a  m atri x  ar e  u nif or ml y  distri b ut e d  wit hi n  t h e  pl y.  T h e  fi nit e  el e m e nt  
r es ults c a n b e o bt ai n e d at t h e pl y l e v el. I n a d di ti o n, t h e mi cr o m e c h a ni cs m o d eli n g e n a bl es 
t h e u nit c ells t o b e f urt h er s u b di vi d e d a n d a nal y z e d usi n g c o nstit uti v e e q u ati o ns at t h e 
l o w er l e n gt h s c al e ( mi cr o-l e v el). At t his l e v el, a li n e ar mi cr o-str ess-str ai n r el ati o ns hi p c a n 
b e pr es u m e d, h e n c e, t h e d et ails of t h e st r u ct ur al r es p o ns es c a n b e est a blis h e d. 
T h er e ar e s e v er al mi cr o m e c h a ni cs m o d els  ( C h a mis a n d S e n d e c k yj 1 9 6 8, H as hi n 
1 9 8 3, M c C ull o u g h 1 9 9 0) t h at c a n esti m at e t h e el asti c pr o p erti es of u ni dir e cti o n al fi br o us 
c o m p osit es. A c o m p ar ati v e st u d y h as b e e n d o n e  o n diff er e nt mi cr o m e c h a ni c al m o d els i n 
a  r e vi e w  p a p er  ( H u a n g  a n d  R a m a kris h n a  2 0 0 0).  A m o n gst  t h es e  m o d els,  t h e  C h a mi s
m o d el  ( C h a mis  1 9 8 9)  is  p o p ul ar  f or  its  si m pli c it y  a n d  us er-fri e n dli n ess.  It  w as  als o  
v ali d at e d b y e x p eri m e nt s h o wi n g a n a c c ur at e pr e di cti o n of pl y pr o p ert i es. T h er e ar e s o m e
ot h er mi cr o m e c h a ni c al m o d els s u c h as t h e s o c all e d Bri d gi n g M o d el ( H u a n g 2 0 0 4) w hi c h 
is cl ai m e d t o h a v e si mil ar si m pl e a n d us er-fri e n dl y c h ar a ct eristi cs as t h e C h a mis m o d el.
I n t his w or k, t h e C h a mis m o d el h as b e e n use d. T h e mi cr o m e d c h a ni c al m o d el i ntr o d u c e d 
b y C h a mis is f or m ul at e d as  
fE  V E   V m m1 1 f 1 1   E
 ( 5. 3)  
  V  f  V 1 2 f 1 2 m m
 ( 5. 4)  
E
 ( 5. 5)  
 ( 5. 6)  





w h er e t h e s u bs cri pts f a n d m  r ef er t o t h e fi b er a n d m atri x, r es p e cti v el y; E  a n d G  r e pr es e nt 
t e nsil e a n d s h e ar m o d uli of t he m at eri al i n el asti c r a n g e, ν  is t h e P oiss o n’s r ati o, a n d V 
d e n ot es  v ol u m e  fr a cti o n.  T h e  s u bs cri pt  1  d e n ot es  t h e  l o n git u di n al  a xis,  w hil e  2  a n d  3  
r e pr es e nt t h e t w o tr a ns v ers e a x es of t h e m at eri al, r es p e cti v el y.
V oi ds  c a n  als o  b e  m o d el e d  si n c e  s u c h  d ef e cts  e xist  as  a  c o ns e q u e n c e  of  
m a n uf a ct uri n g pr o c ess. T o t his  e n d, t h e v oi d v ol u m e fr a cti o n is s u btr a ct e d fr o m t h e u nit 
v ol u m e r es ulti n g i n d e gr a d ati o n of t h e stiff n e ss pr o p erti es of t h e m atri x a n d t h e u nit c ell 
i n all dir e cti o ns, es p e ci all y i n tr a ns v ers e dir e cti o ns. T h e eff e ct of t his i niti al v oi d v ol u m e 
fr a cti o n is h o m o g e ni z e d t hr o u g h o ut e a c h fi nit e el e m e nt, b ut it will n ot b e c o nsi d er e d as 
a n i niti at or f or d a m a g e gr o wt h i n t h e m atri x . T h e d a m a g e is ass u m e d t o d e v el o p i n t h e 
m at eri al o n c e a criti c al li mit is r e a c h e d. T h e P F A us e d i n t his w or k f oll o ws t h e a p pr o a c h 
s u g g est e d  b y  Mi n n et y a n  et  al.  ( 1 9 9 2,  1 9 9 5- 1 9 9 8,  2 0 0 1,  2 0 0 2)  i n  w hi c h  t h e  
f ail ur e/ d a m a g e is b as e d o n t h e m a xi m u m str ess crit eri o n a n d a dist or ti o n al e n er g y ( D E) 
crit eri o n. C o m p osit e m at eri al’s c o nstit u e nts (f i b er/ m atri x) f ail i n t h eir attri b ut e d m o d es
b as e d o n t h e dir e cti o n of f ail ur e. T h at is, f ail ur e i n l o n git udi n al dir e cti o n is attri b ut e d t o 
fi b er  f ail ur e,  w h er e as  tr a ns v ers e  a n d  s h e ar  f ail ur es  ar e  attri b ut e d  t o  t h e  m atri x.  N o d al  
str ess  r es ult a nts,  f o u n d  b y  F E A  a n d  l a mi n ati o n  t h e or y  ( C L T  i n  t his  c as e),  ar e  us e d  t o  
c al c ul at e  t h e  str ess es  i n  t h e  i n di vi d u al  pli e s.  T h e  r esi d u al  c o m p osit e  pr o p erti es  ar e  
c al c ul at e d usi n g mi cr o m e c h a ni c al a n al ysis ( Mi n n et y a n et al. 1 9 9 6- 1 9 9 8, 2 0 0 1, 2 0 0 2). I n 
t h e c as e of fi b er f ail ur e, t h e l o n git u di n al mo d ul us of t h e fi b er a n d t h e m o d ul us of t h e 
m atri x  ar e  d e gr a d e d  t o  n e ar  z er o.  If  t h e  m atri x  f ails,  o nl y  m o d ul us  of  t h e  m atri x  is  
d e gr a d e d t o n e ar z er o i n t h e mi cr o m e c h a ni cs. I n or d er t o a c c o u nt f or fi b er f ail ur e d uri n g 
c o m pr essi v e  l o a di n g,  fi b er  cr us hi n g  a n d  fi b er  mi cr o- b u c kli n g  crit eri a  ar e  us e d.  T h e  











r ot ati o n,  a n d  i nt er- pl y  d el a mi n ati o n  f ail ur e crit eri a  ar e  us e d  t o  m o d el  d el a mi n ati o n
f ail ur e.
T h e d a m a g e pr o gr essi o n of t h e t u b e f or t h e c o m p osit e c yli n d er wit h a n d wit h o ut 
n a n o- e n h a n c e d m atri x c a n b e m o nit or e d d ur i n g t h e cr us h as s ho w n i n Fi g. 5. 1 0. 
Fi g ur e 5. 1 0 D a m a g e pr o gr essi o n as t h e ri gi d pl at e cr us h es t h e c o m p osit e t u b e. 
F or a t u b e wit h o ut n a n o- e n h a n c e m e nt a n d di a m et er of 3. 1 5 i n., t hi c k n ess of 0. 0 4 
i n., l e n gt h of 1 5. 7 5 i n., st a c ki n g s e q u e n c e of [ 9 0/ 9 0/ 4 5/- 4 5] a n d fi b er ( E- gl ass) v ol u m e
fr a cti o n  of  0. 5 5,  Fi gs.  5. 1 1  a n d  5. 1 2  s h o w  t h e  f or c e- dis pl a c e m e nt  a n d  t ot al  d a m a g e  
e n er g y r el e as e r at e ( T D E R R) c ur v es f or t hr e e diff er e nt m atri x m at eri als a n d t w o diff er e nt 
b o u n d ar y c o n diti o ns. T D E R R is a s c al ar d a m a g e v ari a bl e t h at is e q u al t o t h e a m o u nt of 
d a m a g e  e n er g y  e x p e n d e d  f or  t h e  cr e ati o n  of  u nit  d a m a g e  v ol u m e  i n  t h e  c o m p osit e  
str u ct ur e.  T h e  m a g nit u d e  of  t h e  T D E R R  v ari es  d uri n g  pr o gr essi v e  d e gr a d ati o n  of  t h e  
c o m p osit e str u ct ur e u n d er l o a di n g, r efl e cti n g t h e c h a n g es i n  t h e fr a ct ur e t o u g h n ess of t h e 
c o m p osit e.  T h e  T D E R R  is  us ef ul  f or  ass e ssi n g  t h e  o v er all  d e gr a d ati o n  of  a  gi v e n  
str u ct ur e  u n d er  a  pr es cri b e d  l o a di n g  c o n diti o n,  a n d  t h e  r at e  of  its  i n cr e as e  pr o vi d es  a  
m e as ur e of str u ct ur al pr o p e nsit y f or fr a ct ur e pr o p a g ati o n.  A l o c al m a xi m u m i n T D E R R
c ur v e r e pr es e nts a b uil d- u p of e n er g y a n d i niti a ti o n of d a m a g e i n a c o m p osit e str u ct ur e. 













dissi p at es a si g nifi c a nt p o rti o n of t h e str ai n e n er g y st or e d i n t h e c o m p osit e str u ct ur e as 
s h o w n i n Fi g. 5. 1 2. Ass u mi n g l o c all y li n e ar el asti c pr o p erti es pri or t o d a m a g e m a k es it 
p ossi bl e t o c o m p ut e t h e d a m a g e e n er g y as f oll o ws 
0. 5 S 2 
D a m a g e  E n er g y    ( j )V i ( 5. 8) 
i  j E j 
w h er e S j is t h e l o c al c o m p osit e str e n gt h ass o ci at e d wit h t h e d a m a g e m o d e, E j is t h e el asti c 
m o d ul us c orr es p o n di n g t o S j, a n d V i is t h e v ol u m e of d a m a g e. Aft er t h e i niti al e n er g y
r el e as e, t h e T D E R R us u all y dr o ps, i n di c ati n g a si g nifi c a nt r e d u cti o n i n  fr a ct ur e st a bilit y
of t h e d a m a g e d c o m p osit e u n d er t h e a p pli e d l o a di n g. T h e T D E R R us u all y p e a ks w h e n 
gl o b al str u ct ur al f ail ur e i niti at es ( o ns et of st e a d y cr us h). 
F or v ari ati o ns i n t h e m atri x pr o p erti es, t hr e e diff er e nt t y p es of m atri x m at eri als
ar e c o nsi d er e d: n e at m atri x wit h o ut C N F r ei nf or c e m e nt, C N F r ei nf or c e d m atri x ass u mi n g 
I S S = 5 0 M P a a n d I S S = 1 0 0 M P a wit h t h e m atri x s h e ar str e n gt h of S s 0 = 8 0 M P a. F or
e a c h c as e, t h e s u p p ort e d e n d of t h e cr us h t u b e is ass u m e d t o h a v e cl a m p e d ( Fi x e d) or 
si m pl y  s u p p ort e d  ( S S)  b o u n d ar y  c o n diti o ns.  G E N O A/ M H O S T  w as  us e d  f or  t h e  
si m ul ati o ns. I n t h e si m ul ati o n pr o c ess, G E N O A pr o vi d es t h e mi cr o m e c h a ni c al m at eri al 
m o d el a n d M H O S T is us e d as t h e fi nit e el e m e nt s ol v er t h at c o m m u ni c at es wit h G E N O A 
i n e a c h P F A it er ati o n.
Si n c e  i n  p h ysi c al  t esti n g,  o n e  e n d  of  t h e  t u b e  is  c h a mf er e d  t o  i niti at e  a n  
a xis y m m etri c cr us h b e h a vi or, i n t h e si m ul ati o n, a s m all cir c u mf er e nti al r e gi o n n e ar t h e 
cr us h e n d is gi v e n h alf t h e t hi c k n ess us e d el s e w h er e i n t h e t u b e mo d el. C o ns e q u e ntl y, t h e 
m a xi m u m cr us h f or c e o c c urs aft er t his s m all r e gi o n is cr us h e d a n d t h e i m p a ct pl at e m e ets 
t h e f ull cr oss s e cti o n of t h e t u b e. T his is ill ustr at e d i n Fi g. 5. 1 1 b y t h e m a xi m u m f or c e at 











r e v e als  a  m us hr o o m-li k e  (fr o n ds)  cr us h e d  r egi o n,  w hi c h  is  n ot  m o d el e d  h er e  si n c e  
G E N O A  eli mi n at es  t h e  d a m a g e d  el e m e nts  d ur i n g  t h e  si m ul ati o n  pr o c ess.  T h at  is  t h e  
r e as o n  t h er e  is  n o  pl at e a u  i n  t h e  f or c e- dis pla c e m e nt  c ur v es.  H o w e v er,  it  is  p ossi bl e  t o  
c o m p ar e t h e r es ults f or diff er e nt m atri x pr o p erti es a n d b o u n d ar y c o n diti o ns ( B Cs) si n c e 
t h e y ar e all m o d el e d wit h si mil ar ass u m pti o ns. T h e r es ults s h o w t h at f or b ot h B Cs t h e 
pr es e n c e of a s m all v ol u m e fr a cti o n of C N Fs m a y e n h a n c e t h e m a xi m u m f or c e a n d als o
m a xi m u m T D E R R at t h e o ns et of  t h e str u ct ur e’s c oll a ps e.  
Fi g ur e 5. 1 1 F or c e- dis pl a c e m e nt pl ot of t h e c o m p osit e cr us h t u b e usi n g 
G E N O A/ M H O S T f or ( a) fi x e d a n d ( b ) si m pl e s u p p ort b o u n d ar y c o n diti o ns. 
Fi g ur e 5. 1 2 T ot al D a m a g e E n er g y R el e as e R at e ( T D E R R) vs. n u m b er of it er ati o ns i n 
G E N O A/ M H O S T si m ul ati o n pr o c ess f or t h e c o m p osit e cr us h t u b e f or ( a) 









Si n c e t h e a b o v e m o d el eli mi n at es el e m e nts b as e d o n t h eir d a m a g e l e v el a n d d o es 
n ot c o nsi d er m e c h a nis ms ot h er t h a n st or e d str ai n e n er g y, s u c h  as d el a mi n ati o n, it m a y n ot 
c a pt ur e t h e d et ails of e n er g y a b s or pti o n b e h a vi or aft er r e a c hi n g t h e tri g g er p oi nt of cr us h. 
T his c a n b e s e e n fr o m t h e c o nt a ct f or c e v ers us ti m e pl ot s h o w n i n Fi g. 5. 1 3. 
Fi g ur e 5. 1 3 Ti m e v ari ati o n of c o nt a ct f or c e b et w e e n i m p a ct or pl at e a n d cr us h t u b e. 
C r us h Si m ul ati o ns Usi n g M D N ast r a n 
F or b ett er c o m p ut ati o n al effi ci e n c y a n d a c c u r a c y, t h e m o d el is i m pl e m e nt e d i n t h e 
fi nit e el e m e nt c o d e, M D N astr a n usi n g t h e u n d er-i nt e gr at e d s h ell el e m e nt f or m ul ati o ns 
wit h a r e d u c e d t hi c k n ess i n t hr e e r o ws of el e m e nts as a tri g g er m e c h a nis m at t h e t o p. 
F ail ur e crit eri a, i n cl u di n g d el a mi n ati o n, ar e c o nsi d er e d t o c a pt ur e t h e e n er g y a bs or pti o n 
d u e t o t h e d el a mi n ati o n m o d es. It s h o ul d b e m e nti o n e d t h at si n c e t h e m o d el us es pl a n e-
str ess  s h ell  el e m e nts,  o nl y  d el a mi n ati o n  t h r o u g h  s h e ar  str ess es  is  c o nsi d er e d  a n d  t h e  
n or m al str ess es ar e i g n or e d, w hi c h is o n e of t h e c o ntri b ut ors t o d el a mi n ati o n f ail ur e i n 
r e alit y. Cr us h si m ul ati o ns ar e p erf or m e d usi n g t h e e x pli cit F E A c a p a biliti es of S ol uti o n
7 0 0  of  M D  N astr a n  wit h  a  mi cr o m e c h a ni cs- b as e d  P F A  c o nstit uti v e  m o d el,  G E N O A,  













      
  







I n r e alit y, t h er e ar e hi g h dist orti o ns, fr a ctur e, a n d f ail ur e of m at eri al i n t h e cr us h 
pr o c ess  of  t h e  c o m p osit e  t u b e.  T h er ef or e,  b ot h  c at astr o p hi c  (fr a ct ur e)  a n d  n o n-
c at astr o p hi c ( d a m a g e) f ail ur es ar e r e q uir e d t o si m ul at e t h e cr us h pr o c ess disti n g uis hi n g 
b et w e e n diff er e nt d ef or m ati o n m o d es i n t h e m at eri al/str u ct ur e. I n G E N O A- P F A ( H a m a d a 
et al. 1 9 9 2) a c o m pl et e s et of f ail ur e crit eri a  h a v e b e e n pr o vi d e d as s h o w n i n T a bl e 5. 3. 
T h es e f ail ur e crit eri a i n cl u d e t h e m a xi m u m str ess/str ai n crit eri a i n e a c h dir e cti o n, e n er g y-
b as e d f ail ur e crit eri a s u c h as Ts ai- W u, Ts ai- Hill, m o difi e d dist orti o n e n er g y, as w ell as 
mi cr o m e c h a ni c al  f ail ur e  crit eri a  s u c h  as  fi b er  cr us hi n g  a n d  fi b er  mi cr o b u c kli n g  
( R a m a kris h n a et al. 1 9 9 5). 
T a bl e 5. 3 D a m a g e crit eri a us e d i n  t h e G E N O A- P F A a n al ysis 
M o d e N a m e S y m b ol 
L o n git u di n al t e n sil e S 1 1 T 
L o n git u di n al c o m pr essi v e S 1 1 C 
Tr a ns v ers e t e nsil e S 2 2 T 
Tr a ns v ers e c o m pr essi v e S 2 2 C 
N or m al t e n sil e S 3 3 T 
N or m al c o m pr essi v e S 3 3 C 
I n- pl a n e s h e ar S 1 2 
Tr a ns v ers e o ut of  pl a n e s h e ar S 2 3 
L o n git u di n al o ut of pl a n e s h e ar S 1 3 
M a xi m u m str ai n t h e or y S T R N 
Fi b er r el ati v e r ot ati o n R R O T 
M o difi e d dist orti o n e n er g y M D E 1 1 
Ts ai- W u t h e or y T S AI 
Hill t h e or y HI L L 
H off m a n t h e or y H O F F 
I nt er- pl y d el a mi n ati o n t h e or y  D E L M
Fi b er mi cr o- b u c kli n g F M B K 
Fi b er cr us hi n g C R S H 
I n  t his  m o d el/si m ul ati o n  t h e  c at astr o p hic  f ail ur e  is  m o d el e d  b y  m ulti pl yi n g  t h e  
el e m e nt stiff n ess m atri x b y a v al u e cl os e t o z er o or r e m o vi n g t h e f ail e d el e m e nts fr o m t h e 
m o d el  ( Mi n n et y a n  et  al.  1 9 9 2,  1 9 9 5- 1 9 9 8,  2 0 0 1,  2 0 0 2).  T h e  n o n- c at astr o p hi c  f ail ur e  








m at eri al b y a d a m a g e f a ct or/t e ns or. T h at is, t h e d e gr a d ati o n f a ct or is d et er mi n e d b as e d o n 
t h e f ail ur e m o d e u n d er t e nsi o n, c o m pr essi o n, an d s h e ar f or fi b er a n d m atri x. I n t his w or k, 
all t h e t e nsil e f ail ur e m o d es f or fi b er a n d m atr i x ar e c o nsi d er e d t o b e c at astr o p hi c wit h 
t h e  d e gr a d ati o n  f a ct or  of  1 %,  w h er e as  t h e  m atri x  s h e ar  a n d  c o m pr essi v e  f ail ur e  ar e  
c o nsi d er e d  t o  b e  n o n- c at astr o p hi c  wit h  t h e  d e gr a d ati o n  f a ct or  of  1 5 %.  T h e  fi b er  
c o m pr essi v e  f ail ur e  d u e  t o  fi b er  mi cr o- b u c kli n g  is  als o  c o nsi d er e d  as  a  c at astr o p hi c  
f ail ur e. Tr a ns v ers e f ail ur e a n d d el a mi n ati o n crit eri a ar e c o nsi d er e d t o b e c at astr o p hi c f or 
t h e  m atri x  as  w ell.  T h e  t ot al  m at eri al  stiff n ess  i n  pl y  l e v el  is  c al c ul at e d  fr o m  
s u p er p ositi o n of t h e s oft e n e d pr o p erti es of e a c h c o nstit u e nt. T h e v al u es s p e cifi e d f or t h e 
d e gr a d ati o n  f a ct ors  as  s h o w n  i n  T a bl e  5. 4  ar e  d et er mi n e d  b as e d  o n  t h e  e x p eri m e nt al  
r es ults us e d i n t h e c ali br ati o n pro c ess t h at is d es cri b e d i n ( N aj afi et al. 2 0 1 0). O n c e all t h e 
pli es  i n  a  fi nit e  el e m e nt  l a mi n at e  ar e  c h ar a ct eri z e d  as  eit h er  f ail e d  or  d a m a g e d,  t h e  
el e m e nt’s  l o a d- c arr yi n g  c a p a cit y  dr o ps  dr as ti c all y.  At  t his  p oi nt,  t h e  el e m e nt  is  
d e a cti v at e d ( d el et e d) fr o m t h e F E A. I n t h e s u bs e q u e nt it er ati o ns of t h e cr us h pr o c ess, t h e 
d e a cti v at e d el e m e nt will n ot c arr y a n y l o a d a n d t h er ef or e t h e str ess c o m p o n e nts i n t h at 
el e m e nt  will  v a nis h.  Ot h er  cr it eri a  us e d  f or  el e m e nt  d e a cti v ati o n  c o nsi d er  t h e  str ai n  
c o m p o n e nt v al u es as w ell as t h e e q ui v al e nt str ess o n c e it r e a c h es 5 0 %. 
I n  or d er  t o  c al c ul at e  t h e  pl y-l e v el  m at eri al  pr o p erti es  fr o m  t h e  c o nstit u e nt  
pr o p erti es, a c ali br ati o n of t h e m at eri al c o ns t a nts n e e ds t o b e p erf or m e d. T h e c ali br ati o n 
a n al ysis  p erf or m e d  usi n g  G E N O A  m at eri al c h ar a ct eri z ati o n  a n d  q u a ntifi c ati o n  ( M C Q)
m o d ul e pr o d u c es a c o nsist e nt s et of m e c h a ni c al pr o p erti es f or t h e fi b er a n d n e at m atri x as 
w ell  as  t h e  d e gr a d ati o n  f a ct ors  list e d  i n  T a bl es  5. 4- 5. 6  t o  pr o vi d e  t h e  s a m e  pl y  l e v el  










   

















T a bl e 5. 4 P ost d a m a g e stiff n ess d e gr a d ati o n f a ct ors i n m atri x a n d pl y l e v els.
D e gr a d ati o n 
D a m a g e m o d e 
F a ct or 
M atri x f ail ur e i n t e nsi o n 1 % 
M atri x f ail ur e i n s h e ar 5 % 
M atri x f ail ur e i n c o m pr essi o n  2 0 % 
Pl y f ail ur e i n t e n si o n 1 % 
Pl y f ail ur e i n s h e ar 5 % 
Pl y f ail ur e i n c o m pr essi o n 2 0 % 
P ost d a m a g e f ail ur e f a ct or 0 
T a bl e 5. 5 M e c h a ni c al pr o p erti es of m atri x. 
D e nsit y, ρ  (t o n/ m m3 )  1. 2 3 E- 9  
N or m al M o d ul us, E m  ( M P a) 3 4 4 7 
P oiss o n’s r ati o υ m  0. 3 5
L o n git u di n al t e nsil e str e n gt h ( M P a) 9 7. 9 1 
C o m pr essi v e str e n gt h ( M P a)  2 4 1. 3 
S h e ar str e n gt h ( M P a)  1 7 5. 8 
T a bl e 5. 6 M e c h a ni c al pr o p erti es of fi b er. 
D e nsit y, ρ  (t o n/ m m3 )  1. 7 7 E- 9  
N or m al M o d ul us, E f 1 1 ( M P a) 2 8 8 2 0 0 
Tr a ns v ers e M o d ul us, E f 2 2 ( M P a)  1 8 7 5 0 
S h e ar m o d ul us G f 1 2 ( M P a) 8 9 6 3 
S h e ar m o d ul us G f 2 3 ( M P a) 4 8 2 6 
P oiss o n’s r ati o υ 1 2  0. 2
P oiss o n’s r ati o υ 2 3  0. 2 5
T e n sil e str e n gt h ( M P a) 5 2 2 6 
C o m pr essi v e str e n gt h ( M P a) 2 6 7 5 
S h e ar str e n gt h S f 1 2 ( M P a) 2 4 1 3 
S h e ar str e n gt h S f 2 3 ( M P a)  2 4 1 3 
I n  S ol uti o n  7 0 0  of  M D  N astr a n  ( R a ma kris h n a  et  al.  1 9 9 5),  G E N O A- P F A  
( H a m a d a et al. 1 9 9 2) esti m at es t h e d a m a g e usi n g t h e pl y-l e v el str ess o ut p ut r e p ort e d f or
e a c h el e m e nt t hr o u g h t h e m at eri al li br ar y M A T M. I n t his tr e at m e nt, c o nstit u e nts i nsi d e 
e a c h  pl y  as  w ell  as  t h e  i n di vi d u al  pli es  wit h i n  t h e  l a mi n at e  ar e  c h e c k e d  a g ai nst  t h eir  
f ail ur e  crit eri a  m e nti o n e d  a b o v e  at  e a c h  s ol uti o n  ti m e  st e p.  If  a  pl y  is  f o u n d  t o  h a v e  










f a ct or. If d a m a g e is c o nsi d er e d t o b e c at astr o p hi c, t h e str ess-str ai n b e h a vi or b e c o m es v er y 
cl os e t o p erf e ctl y pl asti c i n e a c h ti m e st e p. R esi d u al str ess es a n d pr o p erti es ar e us e d as a n 
i niti al v al u e f or t h e n e xt ti m e st e p; t h er ef or e, t h e fi nit e el e m e nt s c h em e is si mil ar t o t h e 
u p d at e d L a gr a n gi a n s c h e m e. T h e ti m e st e p s h o ul d b e s c al e d wit h c a u ti o n b e c a us e it m a y 
c a us e i nst a bilit y of t h e s ol uti o n or t h e d y n a mi cs of t h e pr o bl e m if m as s-s c ali n g is us e d 
( N aj afi et al. 2 0 1 0). 
All c al c ul ati o ns i n t h e cr us h si m ul ati o n ar e p erf or m e d usi n g H u g h es- Li u ( H a m a d a 
et al. 1 9 9 2, C arr ut h ers et al. 1 9 9 8) s h ell el e m e nts i n cl u di n g a n h o ur gl ass c o ntr ol o pti o n. 
T h e el e m e nt h as o nl y o n e i nt e gr ati o n p oi nt a n d it h as s h o w n pr o misi n g r es ults i n l ar g e 
str ai n r e gi m es s u c h as t h at e x p eri e n c e d i n cr us h r es p o ns e. O ut- of- pl a n e s h e ar str ess es i n 
t his el e m e nt ar e d eri v e d fr o m t h e first- or d er s h e ar d ef or m ati o n t h e or y ( F S D T). Si n c e a 
t w o- di m e nsi o n al  F E  m o d el  r e pr es e nts  t h e  t hr e e- di m e nsi o n al  str u ct ur e,  s o m e  fi d elit y  is
l ost  i n  o bt ai ni n g  t h e  o ut- of- pl a n e  str ess es.  UI  el e m e nts  pr o vi d e  p o or  el asti c  str ai n  
pr e di cti o ns d u e t o c o nst a nt b e n di n g a n d s h e ar str ess fi el d o v er t h e el e m e nt l e n gt h c a us e d 
b y a si n gl e i nt e gr ati o n p oi nt; t his pr o bl e m c a n  b e all e vi at e d b y i n cr e asi n g t h e n u m b er of 
el e m e nts  i n  t h e  m es h  ( N g u y e n  et  al.  2 0 0 5).  T h er ef or e,  str ess  b as e d  crit eri a  is  m or e
s uit a bl e f or p erf or mi n g P F A t h a n str ai n b as e d crit eri a. T h e m a xi m u m str ai n f ail ur e o pti o n 
wit h t h e 5 0 % li mit us e d h er e is o nl y f or el e m e nt f ail ur e (r e m o v al) o pti o n t o m o d el t h e 
fr a g m e nt ati o n d u e t o e x c essi v e dist orti o n o n c e all t h e pli es of t h e el e m e nt h a v e f ail e d.
Fi g ur e 5. 1 4 s h o ws t h e cir c ul ar t u b e m o d el w hi c h h as a l e n gt h of 9 0 m m a n d a 
m e a n di a m et er of 5 0. 8 m m. T h e l a mi n at e c o nf i g ur ati o ns c o nsi d er e d i n t his st u d y f oll o w 
[θ / 0/-θ / 0/-θ / 0/θ ] pl y p att er ns, w h er e t h e ori e nt ati o n a n gl e θ  m a y v ar y fr o m 0 ° t o 9 0 ° w h e n 









Fi g ur e 5. 1 4 T h e cr us h t u b e m o d el wit h i m p a ct or, s u p p ort, a n d t h e tri g g er m e c h a nis m 
T h e t u b e is h el d fi x e d a g ai nst a ri gi d w all (s u p p ort) at o n e e n d a n d pr ess e d b y 
a n ot h er  ri gi d  w all  (i m p a cti n g  pl at e)  at  t h e  ot h er  e n d.  T h e  c o nt a ct  fri cti o n  c o effi ci e nt  
b et w e e n t h e ri gi d w alls a n d t h e t u b e is s et at  0. 1 t o pr e v e nt sli p p a g e b et w e e n s urf a c es. T o 
pr e v e nt  el e m e nt- el e m e nt  i nt er- p e n etr ati o n  d u e  t o  e x c essi v e  d ef or m ati o n,  a  s elf- c o nt a ct  
c o n diti o n  is  d efi n e d  f or  all  t h e  el e m e nt  s urf a c es  of  t h e  t u b e  wit h  t h e  s a m e  fri cti o n  
pr o p ert y. Aft er p erf or mi n g a m es h s e nsiti vit y a n al ysis, t h e n u m b er of el e m e nts w as s et t o 
7 6 8 0 wit h all u nif or ml y distri b ut e d t hr o u g h o ut t h e t u b e. T h e ri gi d w alls at t h e b ott o m a n d
t o p ar e e a c h m o d el e d usi n g 1 6 0 0 ri gi d el e m e nts. T h e i niti al st a bl e ti m e st e p c al c ul at e d i n 
t his m o d el b as e d o n t h e u n d ef or m e d g e o m etri c di m e nsi o n is a p pr o xi m at el y 1 E- 8 w h er e as 
t h e m a n u al ti m e st e p is d esi g n e d t o b e 9 E- 6. As t h e s ol uti o n pr o gr ess es a n d t h e el e m e nts 
r ot at e a n d d ef or m, t h e m at eri al c o or di n at e s yst e m is a ut o m ati c all y u p d at e d f oll o wi n g t h e 
r ot ati o n  of  t h e  el e m e nt  c o or di n at e  s yst e m.  T he  ori e nt ati o n  of  t h e  m at eri al  c o or di n at e  
s yst e m a n d, t h er ef or e, t h e r es p o ns e of ort h otr o pi c s h ells c a n b e v er y s e nsiti v e t o i n- pl a n e 
s h e ar d ef or m ati o n a n d h o ur gl ass d ef or m ati o n d e p e n di n g o n h o w t h e el e m e nt c o or di n at e 
s yst e m  is  est a blis h e d  t hr o u g h  t h e  n o d al  c o n n e cti vit y  or  l o c al  c o or di n at e  s yst e m.  T o
mi ni mi z e t his s e nsiti vit y, I n v ari a nt N o d e N u m b eri n g o pti o n is i n v o k e d as a n M D N astr a n 










I n  or d er  t o  o bt ai n  a  st a bl e  cr us h  p att ern,  si mil ar  t o  t h at  o bs er v e d  i n  cr us h
e x p eri m e nts, a tri g g er m e c h a nis m, i n t h e f or m of s m all a xis y m m etri c c o ni c al gr o o v e wit h 
a l e n gt h of 5. 1 3 m m a n d di a m et er of 5 2. 3 6 m m is pl a c e d at t h e l o a d e d e d g e of t h e t u b e. 
T h e si m ul ati o n r es ults ar e b as e d o n q u asi-s t ati c/ c o nst a nt l o a di n g c o n diti o n wit h 
t h e  cr oss h e a d  s p e e d  of  1  m m/ mi n.  A  c o m p aris o n  b et w e e n  t his  t y p e  of  si m ul ati o n  a n d  
e x p eri m e nt al r es ults h as b e e n d o n e i n ( N aj afi et al. 2 0 1 0) s h o wi n g a g o o d a gr e e m e nt i n 
l o a d- dis pl a c e m e nt b e h a vi or.  
Fi g ur e 5. 1 5 s h o ws t h e cr us h pr o c ess o bt ai n e d fr o m t h e fi nit e el e m e nt si m ul ati o n 
b as e d  o n  t h e  a b o v e  ass u m pti o ns  wit h  t h e  c o m p osit e  m at eri al  h a vi n g  n o  n a n o -
r ei nf or c e m e nts.
Fi g ur e 5. 1 5 T h e cr us h si m ul ati o n r es ult s h o wi n g t h e d a m a g e pr o gr essi o n. 
As  t h e  cr us h  pr o c ess  pr o gr ess es,  c o nti n u o us  fr o n ds  m a y  a p p e ar  as  a  r es ult  of  








w e d g e t h at s pr e a ds r a di all y i n w ar d, o ut w ar d or  b ot h fr o m t h e w all of t h e t u b e t h at f or ms 
a s e v er el y str ai n e d z o n e ( c o m pr essi v e-t e nsi l e z o n e) as t h e m o vi n g ri gi d w all pr ess es t h e 
t u b e f urt h er. T his b e h a vi or is c a pt ur e d i n t h e si m ul ati o n m o d el t hr o u g h t w o st e ps at t h e 
m o m e nt  t h e  d a m a g e d  el e m e nts  ar e  d ef or m e d  o nl y  o ut w ar d/i n w ar d.  T h e s h ell el e m e nts 
c a n n ot b e s plit t o s h o w p ossi bl e i n w ar d a n d o ut w ar d d ef or m ati o n i n s o m e c as es.  O n c e a n 
el e m e nt r e a c h es t h e criti c al v al u e of str ai n or ot h er c at astr o p hi c f ail ur e, it will eit h er l os e 
stiff n ess  or  g et  r e m o v e d  fr o m  t h e  m o d el.   T h e  d ef or m ati o n  p att er n  r es ulti n g  fr o m
e xt e nsi v e f ail ur e a n d t h e sli di n g fri cti o n b et w e e n t h e ri gi d w all a n d t u b e as w ell as t h e 
s elf  c o nt a ct  b et w e e n  d ef or m e d  a n d  f ail e d  r e gi o ns  of  t h e  t u b e  ar e  c a pt ur e d  
p h e n o m e n ol o gi c all y i n t his si m ul ati o n.  
Fi g ur e 5. 1 6 s h o ws t h e e n er g y a bs or pti o n b e h a vi or of t h e t u b e c h ar a ct eri z e d b as e d 
o n t h e cr us h f or c e v ers us cr us h dist a n c e c ur v e ( θ  = 4 5 °). 
Fi g ur e 5. 1 6 T h e cr us h f or c e v ers us cr us h dist a n c e  as a m e as ur e f or e n er g y a bs or pti o n 








T h e d ef or m ati o n c a n b e a p pli e d or m e as ur e d pr o p erl y i n t h e si m ul ati o n. T h e l o a d 
i n t h e si m ul ati o n pr o c ess c a n b e d eri v e d fr o m t h e c o nt a ct f or c e t h at is c al c ul at e d usi n g 
t h e dis pl a c e m e nt of i nt er a ctin g c o m p o n e nts a n d a n ass o ci at e d  fi ctiti o us s pri n g b et w e e n 
t w o c o nt a cti n g n o d es c all e d i nt erfa c e stiff n ess. S el e cti o n of pr o p er i nt erf a c e stiff n ess f or 
t his  a n al ysis is  a  c h all e n gi n g  t as k.  T his  pr o bl e m  b e c o m es  m or e  c o m pli c at e d  w h e n  t h e  
m at eri al  pr o p ert y  of  t h e  t w o  c o nt a cti n g  s urf a c es  ar e  dissi mil ar.  F o r  e x a m pl e,  i n  m ost  
cr us h e x p eri m e nts, t h e l o a d is a p pli e d b y a st e el bl o c k t h at h as a hi g h er m o d ul us t h a n t h e 
c o m p osit e  t u b e.  I n  M D N astr a n,  t h e  i nt erf a c e  stiff n ess  c a n  b e  c al c ul at e d  b as e d  o n  t h e  
m ast er, sl a v e or t h e mi ni m u m of t h e t w o ( N aj afi et al. 2 0 1 0).  
N or m ali zi n g  t h e  s urf a c e  ar e a  u n d er  t h e  c ur v e  of  f or c e- dis pl a c e m e nt  pl ot  b y
di vi di n g it b y t h e m ass of t h e str u ct ur e will gi v e a m e as ur e c all e d t h e s p e cifi c e n er g y 
a bs or pti o n ( S E A). T his v al u e m a y b e us e d as  a m e as ur e t o c o m p ar e diff er e nt d esi g ns i n 
t er ms of t h eir p erf or m a n c e i n t h e cr us h pr o c ess. I n t his st u d y, t h e e n er g y p er v ol u m e h as 
b e e n  us e d  as  S E A  ( F arl e y  1 9 8 6).  N aj afi  et  al.  ( 2 0 1 0)  st u di e d  t h e  eff e ct  of  ori e nt ati o n  
a n gl e o n t h e cr us h p erf or m a n c e a n d t h e n or m a li z e d e n er g y a bs or pti o n f or diff er e nt pl y 
a n gl e θ  i n [θ / 0/-θ / 0/-θ / 0/θ ] c o nfi g ur ati o ns as s h o w n i n Fi g. 5. 1 7. T h e y c o n cl u d e d t h at t h e 
n or m ali z e d  e n er g y  a bs or pti o n  h as  a  n o n- m o n ot o ni c  v ari ati o n  wit h  a n gl e  θ .  T h e  m e a n  
cr us h f or c e i n cr e as es u p t o a n a n gl e of 1 5 d e gr e e a n d t h e n dr o ps f or t h e 2 0- d e gr e e a n gl e 










































M e a n cr u s h  f or c e ( k N) 1 6 









0  1 0  2 0  3 0  4 0  4 5  5 0  6 0  7 0  8 0  9 0  
Ori e nt ati o n a n g l e [θ / 0/-θ / 0/-θ / 0/θ ] 
Fi g ur e 5. 1 7 Eff e ct of ori e nt ati o n a n gl e i n [ θ / 0/-θ / 0/-θ / 0/θ ] l a y u p o n t h e e n er g y 
a bs or pti o n c h ar a ct eristi c s ( N aj afi et al. 2 0 1 0). 
All of t h e r es ults s h o w n s o f ar f or t h e cr us h t u b e w er e f or t h e c as e wit h o ut n a n o -
r ei nf or c e m e nt.  T h e  n a n o- e n h a n c e d  m atri x  wit h  u n c ert ai n  pr o p erti es  i n  t h e  c o nstit u e nt  
m at eri als is us e d i n t h e f oll o wi n g a n al ysis. 
T h e bi-l e v el m et a m o d eli n g t e c h ni q u e us e d i n t h e o pti mi z ati o n pr o c ess f or cr us h 
p erf or m a n c e is t h e s a m e as t h at d es cri b e d i n  t h e pr e vi o us c as e ( b u ckli n g p erf or m a n c e) as 
s h o w n i n Fi g. 5. 1 8. T e n d esi g n v ari a bl es ar e s a m pl e d wit hi n t h eir pr es cri b e d b o u n ds (s e e 
T a bl e 5. 7) t o b uil d t h e D O E t a bl e. F or e a c h s et of d esi g n v ari a bl es, 3 0 r a n d o m v ari a bl es 
ar e s a m pl e d wit hi n t h eir st atis ti c al v ari ati o n p ar a m et ers (s e e T a bl e 5. 8) t o p erf or m t h e 
cr us h si m ul ati o n f or e a c h d esi g n v ari a bl e s et a n d all t h e r a n d o m v ari a bl es. T h at is, f or 
e a c h d esi g n v ari a bl e s et, 3 0 cr us h si m ul ati o ns ar e p erf or m e d. T h e r es ults fr o m t h e cr us h 
si m ul ati o n ar e us e d t o b uil d a m et a m o d el (i. e., m et a m o d el 1) t o c al c ul at e t h e pr o b a bilit y 
of f ail ur e f or e a c h d esi g n v ari a bl e. T h e u p p er l e v el m et a m o d el (i. e., m et a m o d el 2), h e n c e,
r el at es  t h e  r a n d o m  v ari a bl es  t o  t h eir  ass o ci ate d  ( c al c ul at e d)  pr o b a bilit y  of  f ail ur e.  
T h er ef or e,  3 0 0  cr us h  si m ul a ti o ns  ar e  n e e d e d  t o  g o  t hr o u g h  t h e  w h ol e  o pti mi z ati o n  













Fi g ur e 5. 1 8 T h e i ntr o d u c e d bi-l e v el m et a m o d eli n g a p pr o a c h f or d esi g n o pti mi z ati o n of 
h y bri d c o m p osit e cr us h t u b e u n d er u n c ert ai nt y. 
T a bl e 5. 7 D esi g n v ari a bl es a n d t h eir b o u n ds 
R a n d o m V ari a bl e Di a m et er ( m m) T hi c k n ess of 0 ° pl y T hi c k n ess of θ °/- θ ° pl y θ  ( °) 
( m m) ( m m)
U p p er B o u n d 6 0 0. 1 0. 1 0 
L o w er B o u n d 4 0 0. 3 0. 3 9 0 
T h e d esi g n v ari a bl es f or t his c as e ar e s h o w n i n T a bl e 5. 7. T h e r a n d o m v ari a bl es 
ar e t a b ul at e d i n T a bl e 5. 8. F or t h os e pr o p erti e s wit h n o r a n d o m v ari a b ilit y, t h eir st a n d ar d 
d e vi ati o ns ar e s et t o b e z er o m e a ni n g t h at  t h e y h a v e c o nst a nt d et er mi nisti c v al u es.
T a bl e 5. 8 R a n d o m v ari a bl es a n d t h eir st atisti c al pr o p erti es 
D esi g n V ari a bl e M e a n St a n d ar d D e vi ati o n 
Fi b er V ol u m e Fr a cti o n ( F V F) 9. 7 6 E- 0 3 0. 0 0 3 
M atri x Y o u n g’s M o d ul us, E m  ( G P a) 3. 4 5 E + 0 0 0 
M atri x P oiss o n’s R ati o, ν m  3. 5 0 E- 0 1  0  
M atri x Str e n gt h, S m  ( M P a) 9. 7 5 E + 0 1 5 
M atri x S h e ar Str e n gt h, S S m  ( M P a) 1. 7 6 E + 0 2 1 0 
N a n ofi b er Di a m et er, D f ( n m) 1. 5 1 E + 0 2 3 0 
N a n ofi b er As p e ct R ati o, A R 1. 4 9 E + 0 2 3 0 
N a n ofi b er F ail ur e Str ess ( M P a) 1. 2 0 E + 0 3 2 0 5 
I nt erf a ci al S h e ar Str e n gt h, ( M P a) 1. 7 4 E + 0 2 3 6 








       
       
       
       
     
       
       
       
     
       
 
T h e  s a m pl es  c oll e ct e d  fr o m  t h es e  r a n d o m  v ari a bl es  c a n n ot  b e  us e d  dir e ctl y  as  
i n p ut f or m at eri al pr o p erti es of t h e m atri x i n t h e cr us h si m ul ati o ns. A n i nt er m e di at e st e p 
is r e q uir e d t o g e n er at e t h e n a n o-r ei nf or c e d m atri x pr o p erti e s. T h e pr o p erti es of t h e n a n o -
r ei nf or c e d m atri x ( Ec , ν c , Sc ) al o n g wit h t h e fi b er v ol u m e fr a cti o n ar e t h e a ct u al r a n d o m
v ari a bl es us e d i n t h e pr o c ess of b uil di n g t h e D O E, w hi c h r e l at es t h e d esi g n v ari a bl es t o 
t h e c orr es p o n di n g S E A of t h e cr us h t u b e. 
T e n s a m pl es ar e c h os e n f or w hi c h t h e pr o b a bilit y of f ail ur e m ust b e d et er mi n e d. 
I n t his c as e, t h e pr o b a bilit y of f ail ur e is d efin e d as t h e pr o b a bilit y of t h e S E A b ei n g l ess 
t h a n a pr es cri b e d v al u e. T h e s a m pl es c h os e n f or t h e d esi g n v ari a bl es ar e s h o w n i n T a bl e 
5. 9. 
T a bl e 5. 9 R a n d o m s a m pl es f or d esi g n v ari a bl es 
D esi g n v ari a bl e Di a m et er ( m m) T hi c k n ess of 0 ° pl y T hi c k n ess of θ °/- θ ° pl y θ  ( °) 
s et ( m m) ( m m)
1  5 4. 2 2  0. 2 3  0. 2 2  7 7  
2  5 4. 2 0 3  0. 1 8  0. 1 4  8 2. 1  
3  5 9. 8 9  0. 1 6  0. 2 5  6 1. 8  
4  4 0. 2 6 8  0. 1 5  0. 2 7  1 7  
5  5 6. 4 1 9  0. 1 3  0. 2 7  9  
6  5 3. 5 2  0. 3  0. 1 5  8 2. 2  
7  5 0. 1 5 5  0. 1  0. 1 5  3 9. 1  
8  4 4. 6 6 1  0. 2 1  0. 1 5  5 5. 9  
9  4 6. 3 5 6  0. 2 5  0. 1 8  5  
1 0  4 4. 3 1 4 0. 2 5  0. 2 1  7 2. 6  
I n a si mil ar w a y, 3 0 s a m pl es ar e c h os e n f or r a n d o m v ari a bl es w hi c h will b e us e d 
c o m m o nl y f or all t h e d e si g n v ari a bl es t o b uil d t h e c orr es p o n di n g m et a m o d el 1 (s e e Fi g. 
5. 1 8)  w hi c h will r es ult i n t h e pr o b a bilit y of f ail ur e f or e a c h d esi g n v ari a bl e. T a bl e 5. 1 0 









T a bl e 5. 1 0 R a n d o m s a m pl es f or r a n d o m v ari a bl es 
M atri x M o d ul us M atri x P oiss o n’s M atri x Str e n gt h Fi b er V ol u m e 
( M P a) r ati o, ν ( M P a) Fr a cti o n 
4. 3 4 E + 0 3  0. 3 3 6 1 0 0 6  1 0 1. 3 0 9  0. 4 3 4 4 7 3 8  
4. 4 6 E + 0 3  0. 3 3 5 0 9 8 2  1 0 8. 4 9 7 0  0. 4 7 2 3 5 0 3  
4. 1 4 E + 0 3  0. 3 3 9 1 8 7 5  9 3. 7 2 2 8 4  0. 5 3 0 9 5 2 9  
3. 9 4 E + 0 3  0. 3 4 2 8 4 9 5  9 5. 0 6 1 9 4  0. 5 0 1 1 3 6 9  
4. 5 0 E + 0 3  0. 3 3 4 3 6 8 2  1 1 1. 6 8 6 7  0. 4 7 9 6 5 1 9  
4. 1 7 E + 0 3  0. 3 3 9 4 3 5 7  1 1 2. 3 0 4 8  0. 4 2 3 7 4 5 7  
4. 4 1 E + 0 3  0. 3 3 5 2 9 4 8  1 1 3. 5 7 8  0. 5 4 9 5 9 1 9  
4. 0 4 E + 0 3  0. 3 4 0 5 6 3 9  1 0 0. 6 9 0 2  0. 5 9 8 0 3 2 3  
3. 7 4 E + 0 3  0. 3 4 5 2 6 4 7  9 3. 4 1 3 7 8  0. 5 1 2 4 6 2 1  
4. 2 6 E + 0 3  0. 3 3 7 5 7 3 8  9 8. 9 3 0 2  0. 4 7 2 2 9 8 8  
4. 1 4 E + 0 3 0. 3 3 8 9 5 5 7 1 1 0. 3 0 1 3 0. 4 7 6 1 0 0 5 
4. 1 2 E + 0 3 0. 3 3 9 2 6 7 6 1 0 6. 6 5 8 9 0. 5 3 4 1 5 7 2 
4. 1 0 E + 0 3 0. 3 3 9 0 9 6 4 1 0 5. 8 6 9 8 0. 5 2 7 1 1 1 5 
3. 9 8 E + 0 3 0. 3 4 1 4 5 7 5 1 0 0. 6 9 3 5 0. 5 8 8 3 0 0 3 
4. 0 1 E + 0 3 0. 3 4 0 9 5 6 8 1 0 0. 3 5 1 0. 4 3 3 3 8 3 6 
3. 9 8 E + 0 3 0. 3 4 1 3 4 8 4 1 0 5. 1 7 8 3 0. 4 4 7 0 7 2 5 
4. 7 0 E + 0 3 0. 3 3 1 0 3 5 1 0 9. 2 9 5 8 0. 5 0 3 1 4 3 3 
3. 7 8 E + 0 3 0. 3 4 4 4 3 6 8 1 0 0. 4 3 2 7 0. 5 6 8 8 7 9 4 
4. 2 8 E + 0 3 0. 3 3 7 0 9 5 8 1 0 2. 4 0 9 4 0. 4 6 3 4 2 6 4 
4. 0 0 E + 0 3 0. 3 4 1 1 2 9 2 1 0 9. 6 7 5 9 0. 5 5 1 9 7 0 6 
3. 9 7 E + 0 3 0. 3 4 1 5 8 1 7 1 0 1. 5 5 4 0. 5 5 6 3 9 5 
3. 7 8 E + 0 3 0. 3 4 4 5 7 9 3 9 0. 9 8 1 1 0. 5 4 0 1 6 3 6 
4. 5 6 E + 0 3 0. 3 3 3 5 6 0 1 1 1 5. 7 0 7 0. 5 8 5 8 5 4 9 
4. 4 3 E + 0 3 0. 3 3 5 2 4 6 8 1 1 6. 5 8 4 3 0. 4 0 5 5 4 7 8 
3. 9 8 E + 0 3 0. 3 4 1 4 8 8 5 1 1 0. 9 0 4 2 0. 5 7 5 9 2 5 6 
4. 3 7 E + 0 3 0. 3 3 5 9 6 0 5 9 8. 2 5 6 1 0. 4 9 0 2 0 9 4 
4. 3 8 E + 0 3 0. 3 3 5 7 9 6 4 1 1 1. 1 2 8 1 0. 5 3 1 4 0 8 
4. 4 7 E + 0 3 0. 3 3 4 5 5 3 3 1 1 1. 1 1 5 6 0. 4 4 9 3 4 3 3 
4. 0 0 E + 0 3 0. 3 4 1 1 5 5 8 1 1 0. 9 2 1 6 0. 5 6 1 8 3 0 9 
4. 1 7 E + 0 3 0. 3 3 8 6 8 3 2 1 0 3. 7 0 3 9 0. 4 5 0 8 7 3 6 
As  a  s u m m ar y,  f or  t h e  pr o c ess  of  o p ti mi z ati o n  u n d er  u n c ert ai nt y  w e  d o  t h e  
f oll o wi n g: 
1- C al c ul at e  t h e  stiff n ess  pr o p erti es  of  t h e  n a n o- e n h a n c e d  m atri x  vi a  t h e  3-



















2- C al c ul at e  t h e  str e n gt h  pr o p erti es  of  t h e  n a n o- e n h a n c e d  m atri x  vi a  t h e  s h e ar  l a g  
t h e or y f or u ni dir e cti o n al r ei nf or c e m e nt. 
3- B uil d a q u asi-is otr o pi c ( Q-I) l a mi n at e of t h e pli es wit h t h e pr o p erti es c al c ul at e d
fr o m  st e ps  1  a n d  2  a n d  usi n g  G E N O A- M C Q  m o d ul e  t o  c al c ul at e  t h e  i n- pl a n e  
str e n gt h pr o p erti es of t h e Q-I l a mi n at e. Ass u mi n g t his str e n gt h pr o p ert y as a v al u e 
f or all ot h er dir e cti o ns, t h e str e n gt h of n a n o- e n h a n c e d m atr i x is c al c ul at e d (s e e Fi g.
5. 1 9). 
Fi g ur e 5. 1 9 Q u asi-is otr o pi c l a mi n at e a p pr o xi m ati o n pr o c e d ur e. 
4- T h e m at eri al pr o p erti es of t h e m atri x i n  t h e cr us h si m ul ati o n ar e r e pl a c e d b y t h e 
c al c ul at e d m o d ul us a n d str e n gt h pr o p erti es of t h e n a n o- e n h a n c e d m atri x i n st e ps 1 
a n d 3. 
5- F or e a c h s a m pl e of d esi g n v ari a bl es ( e a c h d esi g n v e ct or), t h e cr us h si m ul ati o n is 
p erf or m e d f or all s ets of r a n d o m  v ari a bl es ( 3 0 i n t his st u d y).
6- F or e a c h d esi g n v e ct or, m et a m o d el 1 is b uilt t o r el at e r a n d o m v ari a bl es t o t h e S E A 
w hi c h is s p e cifi c t o t h at d esi g n v ari a bl e v e ct or. 
7- Usi n g t h e m et a m o d el 1, t h e pr o b a bilit y of f ail ur e ( P f) is c al c ul at e d f or e a c h d esi g n
v ari a bl e v e ct or. 
8- R e p e at st e ps 5- 7 f or all d esi g n v ari a bl e v e ct ors i n T a bl e 5. 9 t o c al c ul at e t h e P f f or 
e a c h  v e ct or.  Us e  t h e  r es ults  t o  c o nstr u ct  t h e  m et a m o d el  2  t o  r el at e  t h e  d esi g n  














9- H a vi n g t h e b o u n ds of t h e d esi g n v ari a bl es,  t h e c o nstr ai n e d o pti mi z ati o n pr o bl e m 
f or mi ni m u m Pf c a n b e s ol v e d vi a a gr a di e nt- b as e d o pti mi z ati o n t e c h ni q u e ( S Q P i n 
o ur st u d y). 
Fi g ur es 5. 2 0- 5. 4 9  ill ustr at e t h e cr us h b e h avi or of t h e c o m p osit e t u b e wit h n a n o -
e n h a n c e d  m atri x  f or  t h e  first  s et  of  d esi g n  v ari a bl es  i n  T a bl e  5. 9  a n d  all  3 0  r a n d o m
v ari a bl es i n T a bl e 5. 1 0. 
Fi g ur e 5. 2 0 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 ). 












Fi g ur e 5. 2 2 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 3 ). 
Fi g ur e 5. 2 3 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 4 ). 












Fi g ur e 5. 2 5 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 6 ) 
Fi g ur e 5. 2 6 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 7 ). 
Fi g ur e 5. 2 7 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 8 ). 











Fi g ur e 5. 2 8 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 9 ). 
Fi g ur e 5. 2 9 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 0 ). 
Fi g ur e 5. 3 0 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 1 ). 











Fi g ur e 5. 3 1 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 2 ). 
Fi g ur e 5. 3 2 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 3 ). 
Fi g ur e 5. 3 3 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 4 ). 













Fi g ur e 5. 3 4 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 5 ) 
Fi g ur e 5. 3 5 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 6 ). 
Fi g ur e 5. 3 6 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 7 ). 
Fi g ur e 5. 3 7 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 8 ). 














Fi g ur e 5. 3 8 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 1 9 ). 
Fi g ur e 5. 3 9 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 0 ). 
Fi g ur e 5. 4 0 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 1 ) 
Fi g ur e 5. 4 1 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 2 ) 














Fi g ur e 5. 4 2 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 3 ) 
Fi g ur e 5. 4 3 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 4 ). 
Fi g ur e 5. 4 4 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 5 ). 
Fi g ur e 5. 4 5 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 6 ) 














Fi g ur e 5. 4 6 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 7 ). 
Fi g ur e 5. 4 7 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 8 ). 
Fi g ur e 5. 4 8 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 2 9 ). 
Fi g ur e 5. 4 9 T h e cr us hi n g of t h e h y bri d c o m p osit e t u b e ( D V 1, R V 3 0 ) 





      
 
           
 
      
 
  
T a bl e  5. 1 1  s h o ws  t h e  m e a n  cr us h  f or c e  a n d  t h e  v ol u m etri c  s p e cifi c  e n er g y  
a bs or pti o n of D V 1  f or c as es R V 1 -R V 3 0 . 
T a bl e 5. 1 1 M e a n cr us h f or c e ( M C F) a n d v ol u m etri c s p e cifi c e n er g y a bs or pti o n f or t h e 
first s et of d esi g n v ari a bl es (D V 1 ) a n d all 3 0 s ets of r a n d o m v ari a bl es (R V 1 -
R V 3 0 ). 
R V # 
M C F  ( N)  
R V 1 R V 2 R V 3 R V 4 R V 5 R V 6 R V 7 R V 8 R V 9 R V 1 0 
 2 0 8 5 1. 32 0 8 4 9. 5  2 2 2 0 3. 3 2 2 7 9 0. 7  2 1 9 4 4. 5  2 1 4 9 7. 9 2 0 1 0 5. 4  2 3 9 2 0. 4 2 4 9 7 5. 0  2 2 3 5 6. 6
S E A (J/ m m 3 )  7. 7  8. 2  8. 4  8. 1  7. 9  7. 4  8. 8  9. 2  8. 3  7. 7  
R V # R V 1 1 R V 1 2 R V 1 3 R V 1 4 R V 1 5 R V 1 6 R V 1 7 R V 1 8 R V 1 9 R V 2 0 
M C F  ( N)  2 1 7 2 1  2 3 8 3 4. 8  2 3 7 2 2. 2  2 5 4 8 5. 4  2 1 2 3 5. 5 2 0 9 2 9. 9  2 3 1 2 6. 5 2 3 2 2 9. 3  2 1 0 6 3  2 4 6 6 7. 5  
S E A (J/ m m 3 )  8. 0  8. 8  8. 8  9. 4  7. 8  7. 7  8. 6  8. 6  7. 8  9. 1  
R V # R V 2 1 R V 2 2 R V 2 3 R V 2 4 R V 2 5 R V 2 6 R V 2 7 R V 2 8 R V 2 9 R V 3 0 
M C F  ( N)  2 3 7 0 3. 8  2 2 8 1 0. 6 2 4 9 6 6. 7  1 9 9 2 3. 2  2 4 1 0 8. 9 2 1 8 5 8. 1  2 3 3 6 2. 2 2 1 5 2 3. 8  2 4 1 8 6. 4  2 0 4 9 1. 3
S E A (J/ m m 3 )  8. 8  8. 4  9. 2  7. 4  8. 9  8. 1  8. 6  8. 0  9  7. 6  
It is w ort h m e nti o ni n g t h at i n t h e cr us h pr o c ess, aft er a s h ort dist a n c e b e y o n d t h e 
tri g g er m e c h a nis m is cr us h e d, t h e cr us h f or ce dr o ps fr o m a p e a k v al u e a n d fl u ct u at es a 
s m all a m o u nt u ntil t h e e n d of t h e cr us h pr o c ess as s h o w n i n Fi g. 5. 1 6. I n or d er t o s a v e o n 
c o m p ut ati o n al ti m e, s u bs e q u e nt si m ul ati o ns ar e p erf or m e d u p t o a cr us h dist a n c e e q u al t o 
1 0 % of t h e t u b e l e n gt h. T h e r es ults f or t h e S E A of t h e cr us h t u b e f or all s ets of d esi g n 
a n d r a n d o m v ari a bl es ar e s h o w n i n T a bl e 5. 1 2. 






T a bl e 5. 1 2 S p e cifi c E n er g y A bs or pti o n S E A (J/ m m 3 ) f or all si m ul at e d c as es of h y bri d 
c o m p osit e cr us h t u b e at 1 0 % of t h e t ot al cr us h dist a n c e. 
D V  # 
1 2 3 4 5 6 7 8 9 1 0 
R V # 
1  7. 7 2  5. 6 7  6. 8 8  2. 3 3  2. 0 8  6. 6 2  3. 1 1  6. 3 3  2. 0 2  7. 3 9  
2  8. 2 2  6. 1 3  7. 5 0  2. 7 7  2. 3 9  6. 8 5  3. 2 5  6. 7 3  2. 3 5  8. 0 3  
3  8. 4 3  5. 5 1  8. 1 7  3. 2 5  3. 0 3  7. 2 7  3. 3 9  6. 4 3  2. 1 2  8. 4 9  
4  8. 1 2  5. 6 1  7. 7 7  2. 6 1  2. 3 7  5. 4 9  3. 1 8  6. 9 0  2. 4 3  8. 2 9  
5  7. 9 6  5. 4 4  7. 5 2  2. 7 8  2. 4 3  7. 0 9  3. 3 6  6. 6 8  2. 0 5  8. 6 1  
6  7. 4 4  5. 1 7  6. 4 5  2. 0 8  2. 2 4  6. 7 6  3. 0 0  5. 9 0  2. 1 2  7. 2 5  
7  8. 8 5  6. 0 3  7. 6 7  3. 1 8  2. 5 0  7. 6 1  3. 6 3  6. 5 7  2. 4 5  9. 0 0  
8  9. 2 4  5. 9 9  8. 2 7  3. 4 7  2. 4 9  7. 5 2  3. 8 0  6. 4 7  2. 4 1  9. 4 6  
9  8. 2 7  5. 6 0  7. 5 6  2. 1 3  2. 6 7  7. 3 1  3. 0 7  6. 5 8  2. 4 9  8. 2 2  
1 0  7. 7 2  5. 6 3  7. 0 7  2. 5 0  2. 3 6  7. 0 8  3. 2 3  6. 4 1  2. 0 0  8. 1 7  
1 1  8. 0 4  5. 4 9  7. 4 7  2. 6 3  2. 3 3  7. 0 6  3. 2 1  6. 1 7  2. 0 5  7. 9 6  
1 2  8. 8 2  5. 8 9  8. 0 7  2. 9 7  3. 0 0  7. 4 7  3. 5 9  6. 8 6  2. 4 2  8. 9 6  
1 3  8. 7 8  5. 7 6  7. 6 1  2. 8 4  2. 9 1  7. 6 7  3. 4 1  7. 1 2  2. 1 8  8. 8 5  
1 4  9. 4 3  6. 2 2  8. 0 5  2. 8 3  2. 3 1  7. 8 2  3. 6 6  7. 4 8  2. 6 2  9. 8 9  
1 5  7. 8 6  5. 6 4  6. 1 1  2. 4 9  2. 0 3  6. 5 3  2. 9 7  6. 6 1  1. 9 1  6. 8 7  
1 6  7. 7 5  5. 5 9  6. 5 8  2. 2 4  2. 0 2  7. 0 8  3. 0 9  6. 3 3  2. 0 3  7. 3 7  
1 7  8. 5 6  5. 7 6  7. 9 9  2. 8 2  2. 3 9  7. 2 2  3. 4 6  6. 1 7  2. 4 2  9. 0 2  
1 8  8. 6 0  5. 8 7  8. 0 0  2. 7 0  2. 1 7  7. 9 1  3. 7 2  7. 1 1  2. 6 3  9. 0 5  
1 9  7. 7 9  5. 7 6  7. 3 7  2. 3 7  2. 3 3  7. 2 2  3. 0 5  6. 2 1  2. 1 9  7. 7 2  
2 0  9. 1 3  5. 8 3  7. 7 0  3. 0 1  2. 2 1  7. 3 0  3. 6 0  7. 5 9  2. 2 4  9. 0 4  
2 1  8. 7 7  5. 7 0  7. 9 6  3. 4 6  2. 2 7  7. 9 3  3. 5 2  6. 7 2  2. 7 0  9. 2 2  
2 2  8. 4 4  5. 8 5  7. 5 4  2. 6 2  2. 6 0  7. 4 1  3. 4 2  6. 9 3  2. 0 7  8. 4 1  
2 3  9. 2 4  6. 3 8  9. 1 0  3. 1 8  2. 6 2  8. 1 7  3. 9 3  7. 7 3  2. 5 4  9. 6 0  
2 4  7. 3 7  5. 3 3  6. 6 1  2. 3 6  2. 1 3  6. 5 0  2. 9 1  6. 0 3  1. 9 8  7. 8 7  
2 5  8. 9 2  6. 2 4  8. 6 5  2. 9 4  2. 3 9  7. 5 9  3. 7 2  6. 8 2  2. 2 8  9. 6 6  
2 6  8. 0 9  5. 5 1  7. 7 2  3. 2 1  2. 4 3  7. 2 1  3. 1 6  6. 0 6  2. 2 1  8. 2 2  
2 7  8. 6 5  6. 3 8  7. 8 1  2. 6 9  2. 3 4  7. 2 8  3. 6 3  6. 5 4  2. 6 7  8. 7 9  
2 8  7. 9 7  5. 2 5  6. 9 6  2. 4 3  2. 2 3  7. 1 4  3. 1 3  6. 3 5  2. 0 2  7. 8 6  
2 9  8. 9 5  5. 6 9  7. 8 8  2. 7 2  2. 1 9  7. 9 3  3. 3 6  6. 4 3  2. 5 6  9. 2 6  
3 0  7. 5 8  5. 1 7  7. 2 2  2. 3 1  2. 2 2  6. 5 9  3. 1 0  6. 0 7  1. 9 7  7. 3 2  
F or e a c h d esi g n v ari a bl e v e ct or a s e p ar at e  m et a m o d el 1 is b uilt f or S E A usi n g t h e 
d at a i n T a bl e 5. 1 2. A n R B F m et a m o d el is us e d i n t his c as e.  








I n or d er t o b uil d t h e m et a m o d el 2, o n e ne e ds t o c al c ul at e t h e pr o b a bilit y of f ail ur e 
f or e a c h d esi g n v e ct or. I n t his st u d y, t h e S E A f or e a c h d esi g n v ari a bl e v e ct or is tr e at e d as 
t h e r esist a n c e ( R) a n d a p arti c ul ar S E A ( S E A0 ) is us e d as t h e l o a d eff e ct ( L) i n t h e li mit 
st at e f u n cti o n ( g = R - L). T hr e e c as es h a v e b e e n c o nsi d er e d as l o a d pr o p erti es as s h o w n 
i n T a bl e 5. 1 3. 
T a bl e 5. 1 3 T hr e e l o a d c as es ass u m e d i n li mit st at e f u n cti o n. 
S E A 0  # 1 2 3 
M e a n (J/ m m 3 )  7  7  6  
St a n d ar d D e vi ati o n (J/ m m 3 ) 1  0. 1 5  0. 1 5  
Si n c e a n R B F m et a m o d el p ass es t hr o u g h a ll t h e tr ai ni n g p oi nts, t h e a p pr o xi m at e 
r es p o ns e f u n cti o n t e n ds t o h a v e a w a v y p att er n, r es ulti n g i n t h e f or m ati o n of m a n y l o c al 
c o n c a v e r e gi o ns (s e e Fi g. 4. 1, C h a p. I V). T his is p arti c ul arl y tr u e f or t h e cr us h r es p o ns e. 
T h e w a v y p att er n of t h e a p pr o xi m at e li mit st at e f u n cti o n is q uit e tr o u bli n g f or r eli a bilit y 
m et h o ds s u c h A M V + t h at r el y o n t h e us e of  T a yl or s eri es a p pr o xi m ati o n a n d a c o n v e x 
li mit st at e s urf a c e. C o ns e q u e ntl y, t his m et h o d c o ul d n ot pr o d u c e a c o n v er g e d s ol uti o n f or 
t h e  r eli a bilit y  i n d e x  (β ).  T h e  c o n v er g e n c e  pr o bl e ms  of A M V  t y p e  m et h o ds  w as  als o  
r e p ort e d  b y  ( Y o u n  et  al.  2 0 0 3, 2 0 0 5)  a n d  ( Pr et ori us  a n d  Kr ai g  2 0 0 5).  Alt h o u g h  it  is  
p ossi bl e t o s wit c h t o a r e gr essi o n t y p e m et a m o d el s u c h as p ol y n o mi al r es p o ns e s urf a c e t o 
a c c o m m o d at e  t h e  A M V +  m et h o d ol o g y,  t h e  r es u lts  w o ul d  s uff er  d u e  t o  i n a c c ur at e  
a p pr o xi m ati o n of t h e li mit st at e f u n cti o n. T h er ef or e, aft er t h e i niti al att e m pt t o us e t h e 
A M V + ( W u 1 9 9 4) m et h o d, w e s wit c h e d t o M C S f o r t h e pr o b a bilit y of f ail ur e c al c ul ati o n. 
O n e milli o n M o nt e C arl o si m ul ati o ns w er e d o n e f or e a c h m et a m o d el 1 c orr es p o n di n g t o 
e a c h  d esi g n  v ari a bl e  v e ct or  t o  c al c ul at e  t h e  pr o b a bilit y  of  f ail ur e.  F or  a c c ur a c y  















ass ess m e nt,  w e  als o  r e p e at e d  t his  c al c ul ati o n  usi n g  t e n  milli o n  M C S.  T h e  r a n d o m
s a m pl es w er e s el e ct e d b as e d o n t h e st atisti c a l pr o p erti es of e a c h r a n d o m v ari a bl e a n d t h e
c orr es p o n di n g li mit st at e f u n cti o n v al u e w as c al c u l at e d usi n g t h e ass o ci at e d m et a m o d el 1. 
T h e pr o b a bilit y of f ail ur e w as c al c ul at e d as t h e r ati o of t h e n u m b er of c as es wit h li mit 
st at e f u n cti o n l ess t h a n z er o (f ail ur e) t o t h e t ot al n u m b er of si m ul ati o ns. T a bl e 5. 1 4 s h o ws 
t h e r es ults f or t h e s p e cifi e d li mit st at e f u n cti o ns fr o m t h e o n e milli o n M C S c as e.
T a bl e 5. 1 4 Pr o b a bilit y of f ail ur e f or diff er e n t d esi g n v ari a bl e v e ct ors a n d S E A0  v al u es 
S E A 0 
D esi g n V e ct or # 
(μ , σ ) 
( 7, 1) ( 7, 0. 1 5) ( 6, 0. 1 5) 
1  0. 0 4 9 5 0 3  0. 0 0 0 1 3 9  0. 0  
2  0. 4 5 7 7 7 2  0. 4 9 0 2 6 8  0. 2 6 4 1 3 7  
3  0. 1 5 9 9 0 5  0. 1 2 0 6 4 0  0. 0 0 0 9 6 2  
4  0. 9 9 9 7 8 7  1. 0  1. 0  
5  0. 9 9 8 7 5 4  1. 0  1. 0  
6  0. 1 8 0 6 0 6  0. 1 1 9 6 6 5  0. 0 0 0 1 2 0  
7  0. 9 5 2 8 3 5  0. 9 8 9 8 1 6  0. 8 9 4 5 4 0  
8  0. 2 9 7 2 1 7  0. 3 2 3 6 9 9  0. 0 1 2 3 6 5  
9  0. 9 9 9 0 5 3  1. 0  1. 0  
1 0  0. 0 5 9 0 0 5  0. 0 0 9 3 8 0  0. 0  
E a c h d esi g n v e ct or h as f o ur d esi g n v ari a bl es i n cl u di n g t h e m e a n di a m et er of t h e 
cr us h t u b e ( D m ), z er o d e gr e e pl y t hi c k n ess (t0 ), n o n- z er o d e gr e e pl y t hi c k n ess (tθ ), a n d
n o n- z er o d e gr e e pl y a n gl e ( θ ). Pri or t o b uil di n g t h e s urr o g at e m o d el w hi c h r el at es t h es e 
f o ur d esi g n v ari a bl es t o t h e pr o b a bilit y of f ail ur e ( m et a m o d el 2), t h e i nfl u e n c e of e a c h
d esi g n v ari a bl e o n t h e pr o b a bilit y of f ail ur e w as  e x a mi n e d. Fi g ur es 5. 5 0- 5. 5 3 s h o w t h e
v ari ati o n of t h e pr o b a bilit y of f ail ur e i n t er ms of e a c h d esi g n v ari a bl e, r e g ar dl ess of t h e 











v ari ati o n  i n  t h e  ot h er  d esi g n  v ari a bl es.   T h es e  pl ots  ar e  n ot  s e nsiti vit y  pl ots  as  all  
v ari a bl es c h a n g e fr o m o n e p oi nt t o a n ot h er. T h e y ar e us ef ul o nl y i n t er ms of pr o vi di n g a 
gl o b al vi e w of t h e c o m bi n e d eff e cts of t h e d esi g n v ari a bl es a n d t h e p ossi bl e e m er g e n c e of 
t h e m ost i nfl u e nti al v ari a bl e.
Fi g ur e 5. 5 0 V ari ati o n of t h e pr o b a bilit y of f ail ur e i n  t er ms of t h e m e a n di a m et er of t h e 
cr us h t u b e. 
Fi g ur e 5. 5 1 V ari ati o n of t h e pr o b a bilit y of f ail ur e  i n t er ms of t h e t hi c k n ess of z er o 
d e gr e e pli es t o t h e t ot al t hi c k n ess of t h e cr us h t u b e. 









Fi g ur e 5. 5 2 V ari ati o n of t h e pr o b a bilit y of f ail u r e i n t er ms of t h e t hi c k n ess of θ  d e gr e e 
pli es t o t h e t ot al t hi c k n ess of t h e cr us h t u b e. 
Fi g ur e 5. 5 3 V ari ati o n of t h e pr o b a bilit y of f ail ur e i n t er ms of θ  i n t h e cr us h t u b e wit h 
[θ / 0/-θ  / 0/-θ  / 0/θ ] l a y u p.
C o m p ari n g Fi g. 5. 5 3 t o t h e ot h er fi g ur es r e v e als t h at t h e ori e nt ati o n a n gl e of n o n-
z er o pli es ( θ ) is t h e m ost d o mi n a nt d esi g n v ari a bl e w hi c h c o ntr ols t h e b e h a vi or of t h e 
cr us h  t u b e  i n  t er ms  of  t h e  pr o b a bilit y  of  f ail ur e.  T h at  m e a ns  i n  t h e  m et a m o d el  2,  t h e  
bi g g est  c o effi ci e nts  ar e  e x p e ct e d  t o  b el o n g  t o  t h e  ori e nt ati o n  a n gl e  ( θ ).  T h e  ot h er  
c o n cl usi o n is t h at t h e o pti m u m d esi g n is m ostl y e x p e ct e d t o li e o n or cl os e t o θ  b et w e e n 
















5 0 °  t o  8 0 °.  T his  is  c o nsist e nt  wit h  t h e  d et er mi nisti c  o pti mi z ati o n  r es ults  s h o wi n g  t h e  
o pti m u m θ ≈  6 0 ° ( N aj afi et al. 2 0 1 0).  
M et a m o d el 2 w as c o nstr u ct e d b as e d o n t h e r es ults i n T a bl e 5. 1 4. A n i n c o m pl et e 
q u a dr ati c p ol y n o mi al r es p o ns e s u rf a c e m et a m o d el ( with n o i nt er a cti o n t er ms) w as us e d t o 
r el at e t h e d esi g n v ari a bl es t o t h e pr o b a bilit y of f ail ur e. E q u ati o n 5. 9 s h o ws t h e g e n er al 
f or m of t h e m et a m o d el 2 w hi c h is c o nsi d er e d i n t his c as e.
2 2  2 2P   C   C D    C t   C t   C    C D    C t   C t   C f  0 1  2 0 3   4  5  6 0 7   8  ( 5. 9)  
T a bl e 5. 1 5 s h o ws t h e c o effi ci e nts of m e t a m o d el 2 i n diff er e nt v al u es of S E A0 . 
T a bl e 5. 1 5 T h e c o effi ci e nts of m et a m o d el 2 f or diff er e nt v al u es of S E A 0 . 
S E A 0 
(μ , σ ) 
M et a m o d el 2 C’s 
( 7, 1) ( 7, 0. 1 5) ( 6, 0. 1 5) 
C 0  2. 3 4 5 3  2. 4 6 4 9  2. 2 2 6 9  
C 1  - 0. 9 9 6 6 3  - 0. 9 4 5 2 7  - 1. 0 9 4 5  
C 2  - 1. 6 5 4 9  - 1. 5 7 3 1  - 2. 4 0 6 0  
C 3  - 0. 3 2 0 9 6  - 0. 6 6 0 0 4  1. 6 3 4 0  
C 4 - 3. 3 9 2 2 - 3. 4 4 5 6 - 4. 4 7 6 2 
C 5  0. 7 2 2 4 1  0. 6 5 6 0 8  0. 6 8 0 9 1  
C 6  0. 8 5 8 2 1  0. 7 0 1 5 2  1. 3 2 5 9  
C 7  - 0. 2 4 2 9 0  - 0. 0 1 0 3 1 9  - 1. 9 3 9 5  
C 8 2. 5 9 2 4 2. 6 0 3 4 3. 6 8 5 2 
As e x p e ct e d, t h e c o effi ci e nts ass o ci at e d t o t h e ori e nt ati o n a n gl e (i. e., C 4  a n d C8 ) 
ar e l ar g er t h a n t h os e of ot h er d esi g n v ari a bl es. 
Wit h  t h e  c o effi ci e nts  of  m et a m o d el  2  i n  E q.  ( 5. 9)  k n o w n,  t h e  f oll o wi n g  
o pti mi z ati o n pr o bl e m is s ol v e d i n t h e l ast st e p of d esi g n: 
















2 2  2 2
mi n P  C  C D   C t  C t  C   C D   C t  C t  C f  0 1  2 0 3   4  5  6 0 7   8 
 4 0 m m  D  6 0 m m ( 5. 1 0)
 0. 1  t  0. 3 
  
0 
s.t. 0. 1  t  0. 3   
 0    9 0  
Usi n g t h e S Q P m o d ul e i n M A T L A B, t h e o pti m i z e d v al u es f or diff er e nt c as es of 
S E A 0  ar e f o u n d as list e d i n T a bl e 5. 1 6. 
T a bl e 5. 1 6 O pti m u m v al u es of t h e d esi g n v ari a b l es a n d t h e o bj e cti v e f u n cti o n f or 
diff er e nt v al u es of S E A 0 . 
D esi g n v ari a bl e 
S E A 0 (μ , σ ) 
( 7, 1) ( 7, 0. 1 5) ( 6, 0. 1 5) 
O pti m u m v al u es 
D m  ( m m) 5 3. 8 6 0. 0 5 6. 1 
t0  ( m m) 0. 2 9 0. 1 0. 2 8 
tθ  ( m m) 0. 3 0. 1 0. 3 
θ  ( °) 5 8. 9 5 7. 5 5 4. 6 
B y c o m p ari n g t h e first a n d s e c o n d c ol u m ns of t h e r es ults o n e m a y c o n cl u d e t h at 
w h e n  t h e  v ari a bilit y  (i. e.,  st a n d ar d  d e vi ati o n)  of  S E A 0  d e cr e as es,  t h e  di a m et er  of  t h e  
cr us h t u b e n e e ds t o b e d esi g n e d l ar g er w hil e t h e t hi c k n ess of t h e pli es ar e b ett er t o b e 
s m all er.  A n  al m ost  o p p osit e  sit u ati o n  o c c urs  w h e n  t h e  s e c o n d  a n d  t hir d  c ol u m ns  ar e  
c o m p ar e d wit h e a c h ot h er. Wit h t h e s a m e l e v el of v ari a bilit y i n S E A 0 , w h e n t h e m e a n 
v al u e of S E A 0  d e cr e as es, t u b es wit h l ar g er str u ct ural as p e ct r ati o (l e n gt h/ di a m et er) a n d 
l ar g er t hi c k n ess ar e n e e d e d f or o pti m u m d esig n. T h e o pti m u m ori e nt at i o n a n gl es ar e v er y







cl os e t o e a c h ot h er i n t h e diff er e nt c as es a n d all ar e i n t h e r a n g e of  5 0 ° t o 8 0 °, w hi c h is 
c o nsist e nt wit h t h e d et er mi nisti c o pti mi z ati o n r es ults ( θ o pt ≈  6 0 °) of N aj afi et al. ( 2 0 1 0). It 
m a y b e e x p e ct e d f or t h e o pti m u m ori e nt ati o n a n gl e of t h e n o n- z er o ( θ ) pli es t o b e cl os e t o
9 0 ° as b ot h t h e stiff n ess a n d str e n gt h i n t h e di r e cti o n of l o a d ar e m a xi m u m, b ut t h er e ar e 
t w o  o p p osit e  eff e cts  t h at  m a y  r ed u c e  t h e  e n er g y  a bs or pti o n  as  θ  i n cr e as es;  mi cr o-
b u c kli n g of t h e fi b ers is o n e of t h os e p h e n o m e n a t h at o c c urs i n l ar g er v ol u m e f or l ar g er 
pl y a n gl es ( θ ). As t his cr us h si m ul ati o n ass u m es t he d el a mi n ati o n t hr o u g h i n- pl a n e s h e ar 
str ess  b et w e e n  t h e  l a y ers,  t h e  s h e ar  str ess  b et w e e n  t h e  a dj a c e nt  pli es  d uri n g  t h e  cr us h
pr o c ess is als o a n ot h er d et er mi n i n g f a ct or. I n l ar g e a n gl es as θ  i n cr e as es, t his s h e ar str ess 
b et w e e n θ ° a n d 0 ° pli es d e cr e as es, t h at m a k es t h e cr us h t u b e l ess effi ci e nt i n t er ms of 
e n er g y a bs or pti o n. 
It s h o ul d b e n ot e d t h at t h e m et h o d ol o g y i ntr o d u c e d i n t his st u d y is g e n er al a n d 
c a n b e us e d i n R B D O of ot h e r str u ct ur es m a d e of n a n o- en h a n c e d c o m p osit e m at eri als. 
H o w e v er,  t h e  pr es e nt e d  r es ults  m a y  c h a n g e  if  a  diff er e nt  si m ul ati o n  t e c h ni q u e  or  a  
m at eri al  m o d el  is  us e d.  Si mil arl y,  t h e  r es u lts  m a y  c h a n g e  if  t h e  s el e ct e d  st atisti c al  
c h ar a ct eristi cs  a n d  pr o b a bilit y  d e nsit y  f u n c ti o ns  s el e ct e d  f or  t h e  u n d erl yi n g  r a n d o m  
v ari a bl es ar e alt er e d.  






C H A P T E R VI 
C O M P U T A TI O N A L F R A M E W O R K 
T h e  m e c h a ni c al  m o d eli n g  of  n a n o- e n h a n c e d  c o m p osit e  m at eri als,  u n c ert ai nt y
q u a ntifi c ati o n,  s urr o g at e  m o d e li n g,  a n d  d esi g n  o pti mi z ati o n  dis c uss e d  i n  t h e  pr e vi o us  
c h a pt ers  all  r e q uir e d  t h e  d e v el o p m e nt  of  c o m p ut er  c o d es  a n d  est a blis h m e nt  of  a  
c o m p ut ati o n al  fr a m e w or k  t o  o bt ai n  t h e  r es ults  pr es e nt e d.  I n  t his  c h a pt er,  t h e  diff er e nt  
c o m p ut ati o n al t o ols us e d a n d d e v el o p e d i n t his st u d y ar e dis c uss e d.  
Mi c r o m e c h a ni cs ( M at e ri al M o d el) 
O n e of t h e m ai n p arts of t h e m at eri al m o d eli n g i n t his st u d y is t h e c al c ul ati o n of 
t h e  el asti c  pr o p erti es  of  t h e  n a n ofi b er-r ei nf or c e d  m atri x.  A  M A T L A B  c o d e  (M ori -
T a n a k a. m ) w as d e v el o p e d f or t h e m o d el t h at d o es n ot i n cl u d e a n i nt er p h as e b as e d o n t h e 
ass u m pti o ns  pr es e nt e d  i n  C h a pt er  II.   T h e  c o d e  t a k es  as  i n p ut  t h e  pr o p erti es  of  t h e  
c o nstit u e nt m at eri als s u c h  as m atri x m o d ul us ( Em ), fi b er m o d ul us ( Ef), m atri x P oiss o n’s 
r ati o  (ν )  a n d  n a n ofi b er  v ol u m e  fr a cti o n  (f),  as  w ell  as  t h e  g e o m etri c  pr o p erti es  of  t h e  
n a n ofi b er s u c h as as p e ct r a ti o ( A R) a n d w a vi n ess. T h e c od e o ut p ut i n cl u d es t h e el asti c 
pr o p erti es of t h e n a n ofi b er-r ei nf or c e d m atri x ( E c , ν c ). 
A n ot h er  M A T L A B  c o d e  ( M TI nt er p h as e. m )  w as  d e v el o p e d  f or  t h e  m o d el  t h at  
i n cl u d es t h e e xist e n c e of a t hr e e- di m e nsi o n al i nt er p h as e b as e d o n t h e a p pr o a c h pr es e nt e d 
i n C h a pt er II. I n a d diti o n t o t h e c o nstit u e nt pro p erti es, t h e c o d e us es as i n p ut t h e g e n er al 
v ari ati o n  m o d el  f or  t h e  i nt er p h as e  a n d  pr o d u c es  t h e  n a n ofi b er -r ei nf or c e d  m atri x  
pr o p erti es ( E c , ν c ) as o ut p ut. D e p e n di n g o n t h e i n cl usio n or e x cl usi o n of a n i nt er p h as e 










r e gi o n, o n e of t h e a b o v e c o d es is c all e d t o c al c ul at e t h e m at eri al pr o p erti es of t h e n a n o -
e n h a n c e d m atri x. Fi g ur es 6. 1 a n d 6. 2 ill ustr at e t h e pr o c ess as d es cri b e d a b o v e. 
Fi g ur e 6. 1 I n p uts a n d o ut p uts of t h e M A T L A B c o d e f or M ori- T a n a k a a p pr o a c h. 
Fi g ur e 6. 2 I n p uts a n d o ut p uts of t h e M A T L A B co d e w h e n t h e i nt er p h as e r e gi o n 
b et w e e n n a n ofi b ers a n d m atri x is m o d el e d. 
I n or d er t o c al c ul at e t h e str e n gt h pr o p erti es of t h e n a n ofi b er-r ei nf or c e d m atri x, a 
q u asi-is otr o pi c l a mi n at e ( QI L) a p pr o xi m a ti o n w as us e d. A M A T L A B c o d e b as e d o n t h e







s h e ar l a g t h e or y w as d e v el o p e d ( S h e ar L a g. m ) a n d us e d i n c o m bi n ati o n wit h G E N O A-
M C Q  t o  c al c ul at e  t h e  str e n gt h  pr o p erti es  of  n a n ofi b er-r ei nf or c e d  ( e n h a n c e d)  m atri x  as  
s h o w n i n Fi g. 6. 3. 
Fi g ur e 6. 3 I n p uts a n d o ut p uts of t h e M A T L AB c o d e a n d G E N O A _ M C Q t o ol t o 
c al c ul at e t h e str e n gt h pr o p erti es of n a n ofi b er r ei nf or c e d m atri x. 
T h e o ut p ut v al u es g e n er at e d fr o m t h e a b o v e  c o d es/s oft w ar e ar e us e d as i n p ut f or
str u ct ur al r es p o ns e a n al ys es ( b u c kli n g a n d cr us h) as d es cri b e d i n t h e f oll o wi n g s e cti o ns.  
U n c e rt ai nt y M o d el 
F or  g e n er ati n g  t h e  pr o b a bilisti c  v al u es  of  t h e  m at eri al  pr o p erti es  ( u n c ert ai nt y
r e pr es e nt ati o n a n d pr o p a g ati o n of m at eri al pr o p erti es) a M A T L A B c o d e ( M o nt e C arl o. m ) 
w as  d e v el o p e d  b as e d  o n  t h e  a p pr o a c h  pr es e nt e d  i n  C h a pt er  III.  T his  c o d e  g e n er at es  a  
s eri es of r a n d o m v al u es f or m at eri al/ g e o m etr i c al pr o p erti es a n d c alls t h e a b o v e m at eri al 
c o d es  t o  o ut p ut  t h e  distri b uti o n  of  t h e  el asti c/str e n gt h  pr o p erti es  of  n a n o-r ei nf or c e d  
m atri x ( R a n d o m V ars. d at ). 







St r u ct u r al R es p o ns e M o d el f o r B u c kli n g
T h e b u c kli n g a n al ysis is  d o n e b y a c o d e c all e d B u c kli n g.f  w hi c h us es m a n y i n p ut 
fil es, o n e of t h e m ( c yli n d er.i n p) i n cl u d es m at eri al, g e o m etri c, a n d l a mi n at e pr o p erti es as 
w ell as t h e b o u n d ar y c o n diti o ns of t h e b u c kli n g a n al ysis of t h e c o m p osit e c yli n d er. I n t his 
st u d y, t h e b u c kli n g a n al ysis n e e d e d t o b e  d o n e f or 2 5 s ets of d esi g n v ari a bl es ( D V 1 - D V2 5 ) 
a n d 2 5 0 s ets of r a n d o m v ari a bl es ( R V 1 - R V2 5 ). Fi g ur e 6. 4 s h o ws t h e pr o c ess of pr o d u ci n g 
t h e criti c al b u c kli n g l o a d ( Pcr ) f or t h e a b o v e c as es. B u c kli n g.f  w as m o difi e d s o t h at it first 
g e n er at es a n i n p ut fil e c o nt ai ni n g all t h e di ff er e nt c as es of d esig n a n d r a n d o m v ari a bl es 
a n d t h e n c al c ul at es P cr  f or e a c h c as e. T h e o ut p ut v al u es ar e us e d t o b uil d t h e m et a m o d el 
( 1) as d es cri b e d e arli er i n C h a pt er V. 
Fi g ur e 6. 4 G e n er ati n g t h e distri b uti o n of b u c kli n g r es p o ns es ( P cr ) f or r a n d o m
str u ct ur al/ m at eri al i n p uts g e n er a t e d fr o m m at eri al m o d eli n g. 










T h e B u c kli n g.f  c o d e g e n er at es a s eri es of o ut p ut fil es (f ort. 1 0 0 1-f ort. 1 0 2 5) e a c h of 
t h e m c o nt ai ni n g t h e criti c al b u c kli n g l o a ds ( P1 cr  … P
2 5 0
cr ) f or o n e s et of d esi g n v ari a bl es.
Fi g ur e 6. 5 s h o ws t h e pr o c ess as e x pl ai n e d w hi c h r es ults i n t h e d esi g n of e x p eri m e nts f or 
t h e b u c kli n g a n al ysis. T h es e r es ults ar e us e d t o b uil d m et a m o d el ( 1) f or e a c h s et of d esi g n 
v ari a bl es as dis c uss e d l at er i n t his c h a pt er. 
Fi g ur e 6. 5 G e n er ati n g d esi g n of e x p eri m e nt f o r t h e criti c al b u c kli n g l o a d ( Pcr ). 
St r u ct u r al R es p o ns e M o d el f o r C r us h 
B ef or e d oi n g t h e cr us h si m ul ati o n wit h M D  N astr a n, a s eri es of i n p ut v ari a bl es 
i n cl u di n g  t h os e  of  g e o m etri c  pr o p erti es  ( desi g n  v ari a bl es)  a n d  m at eri al  pr o p erti es  
(r a n d o m v ari a bl es)  ar e  n e e d e d.  T his  fil e  is  c all e d  d o e.t xt w hi c h  c o nt ai ns  all  t h e  a b o v e  
i nf or m ati o n. T o g e n er at e d o e.t xt , a F O R T R A N c o d e (D O E _ M A K E R.f ) w as d e v el o p e d t o 
us e t w o o ut p ut fil es ( D esi g n V ars. d at  a n d R a n d o m V ars. d at ) pr e vi o usl y g e n er at e d fr o m t h e 
mi cr o m e c h a ni cs m o d el as i n p ut fil es as ill ustr a t e d i n Fi g. 6. 6. T h e d o e.t xt fil e c o nt ai ns 
3 0 0 s ets of i n p ut v ari a bl es f or cr us h si m ul a ti o n r es ulti n g fr o m 1 0 c as es of d esi g n v e ct ors 
(D V 1 - D V1 0 ) a n d 3 0 c as es of r a n d o m v e ct ors (R V 1 - R V3 0 ).







Fi g ur e 6. 6 G e n er ati n g d esi g n of e x p eri m e nt ( d o e.t xt) f or t h e cr us h si m ul ati o n. 
T h e cr us h a n al ysis is t h e n p erf or m e d f o r all c o m bi n ati o ns of d esi g n a n d r a n d o m 
v ari a bl es  wit hi n  a  s h ell  s cri pt  n a m e d  as  S u b missi o n.s h .  T his  s cri pt  us es  t h e  i n p ut  fil e  
g e n er at e d s p e cifi c all y f or e a c h c o m bi n ati o n of d esi g n a n d r a n d o m v e ct ors a n d r u ns t h e 
fi nit e el e m e nt si m ul ati o n i n t h e s p e cifi e d f ol der f or e a c h c as e t o g e n er at e t h e o ut p ut fil e 
( C R S H _ M A S T E R. O U T) f or t h at c as e as s h o w n i n Fi g. 6. 7. 






Fi g ur e 6. 7 Cr us h si m ul ati o n pr o c ess. 
O n c e t h e o ut p ut fil es ar e g e n er at e d, p ost- pr o c essi n g is p erf or m e d. A s h ell s cri pt 
n a m e d R es p o ns e.s h  t a k es  t h e  o ut p ut  fil es  fr o m  t h e  fi nit e  el e m e nt  si m ul ati o n  i n  t h e  
pr e vi o us st e p as i n p ut fil es t o pr o d u c e f or c e- dis pl a c e m e nt r es ults of t h e cr us h r es p o ns e 
f or e a c h c as e i n t e xt f or m at (f ort. 1 1-f ort. 3 1 0). T h es e o ut p ut fil es ar e pr o c ess e d i n a n ot h er 
s h ell  s cri pt  c all e d  E N E R G Y.s h  t o  pr o d u c e  t h e  fi n al  d esir e d  v al u es  n e e d e d  f or  e n er g y  
a bs or pti o n  ass ess m e nt.  T h es e  v al u es  i n cl u d e  t h e  m a xi m u m  cr us h  f or c e,  t ot al  cr us h  
e n er g y, cr us h dist a n c e, a n d t h e m e a n cr us h f or c e. T h e w h ol e pr o c ess is s h o w n i n Fi g. 6. 8. 
H a vi n g t h es e r es ults st or e d i n a n ot h er t e xt fil e c all e d C R S H.t xt , t h e m et a m o d el ( 1) f or 
cr us h r es p o ns e is b uilt f or e a c h d esi g n v ari a bl e v e ct or. 







Fi g ur e 6. 8 P ost pr o c essi n g of t h e cr us h si m ul ati o n r es ults. 
M et a m o d eli n g a n d O pti mi z ati o n 
I n t h e fi n al st e p, t h e o ut p uts fr o m str u ct ur al r es p o ns es ( cr us h a n d b u c kli n g) n e e d 
t o b e us e d f or m et a m o d eli n g a n d o pti mi z ati o n. T o t his e n d, a D O E t a bl e of t h e str u ct ur al 
r es p o ns es  f or  e a c h  d esi g n  v e ct or  is  b uilt  t o  pr o vi d e  a n  i n p ut  f or  a  M A T L A B  c o d e  
d e v el o p e d f or m et a m o d eli n g ( M et a m o d el. m ). T his c o d e g e n er at es t h e m et a m o d el ( 1) i n a
t e xt  f or m at  c o nt ai ni n g  t h e  f or m ul ati o n  al o n g  wit h  t h e  c o effi ci e nts  of  m et a m o d el  ( 1).  
A n ot h er M A T L A B c o d e c all e d D Vi _t o _ Pf. m  i n w hi c h (i = 1... 1 0) c h a n g es fr o m o n e d esi g n 
v e ct or t o a n ot h er, t a k es t h e g e n er at e d m et a m o d el a n d p e rf or ms a n u m b er of si m ul ati o ns 
(i n t his c as e f u n cti o n c alls fr o m m et a m o d el ( 1)) t o c al c ul at e t h e pr o b a bilit y of f ail ur e ( Pf).
H a vi n g  P f f or  e a c h  D V  as  a  D O E  t a bl e,  a n ot h er  M A T L A B  c o d e  c all e d  D V _t o _ Pf. m 
pr o d u c es t h e m et a m o d el ( 2) t o b e us e d i n t h e o pti mi z ati o n pr o c ess. M et a m o d el ( 2) will 
b e t h e m et a m o d el w hi c h r el at es t h e d esi g n v ari a bl es t o P f. O pti miz ati o n. m  will s ol v e t h e 






o pti mi z ati o n pr o bl e m t o fi n d t h e o pti m u m v al u es of d esi g n v ari a bl es t h at mi ni mi z es t h e 
o bj e cti v e f u n cti o n w hil e s atisf yi n g all t h e c orr es p o n di n g c o nstr ai nts. Fi g ur e 6. 9 s h o ws t h e 
w h ol e pr o c ess i n t h e fi n al st a g e. 
Fi g ur e 6. 9 M et a m o d eli n g a n d o pti mi z ati o n pr o c ess 





C H A P T E R VII 
C O N C L U SI O N S A N D F U T U R E W O R K 
T his  diss ert ati o n  i ntr o d u c e d  a  m et h o d  f or  d esi g n  o pti mi z ati o n  of  c o m p o n e nts  
m a d e  of  h y bri d  c o m p osit e  m at eri als  (fi br o us  c o m p osit es  wit h  n a n o-r ei nf or c e d  m atri x)  
u n d er al e at ori c u n c ert ai nti es ass o ci at e d wit h t h e m at eri al a n d g e o m etri c pr o p erti es of t h e 
c o nstit u e nt m at eri als. T h e m et h o d w as b as e d o n mi cr o m e c h a ni c al a p pr o a c h f or m at eri al 
m o d eli n g a n d fi nit e el e m e nt si m ul ati o n f or str u ct ur al r es p o ns es. T w o c as es of str u ct ur al 
p erf or m a n c e ( b u c kli n g a n d cr us h) w er e st u di e d. 
T h e m at eri al m o d eli n g i n cl u d e d t h e c al c ul a ti o n of el asti c a n d str e n gt h pr o p erti es 
of  t h e  n a n ofi b er-r ei nf or c e d  m atri x.  F or  c al c ul ati o n  of  stiff n ess  pr o p erti es,  a n  
a p pr o xi m ati o n m et h o d c all e d q u asi-is otr o pi c l a mi n ati o n ( QI L) t e c h ni q u e w as us e d a n d 
c o m p ar e d  wit h  t hr e e- di m e nsi o n al  M ori- T a n a k a  ( M- T)  a p pr o a c h.  It  w as  c o n cl u d e d  t h at  
o nl y f or v er y l o w v ol u m e fr a cti o ns, it is r e as o n a bl e t o us e QI L i nst e a d of M- T. 
T h e w a vi n ess of t h e n a n ofi b ers as w ell as  t h e t hr e e- di m e nsi o n al i nt er p h as e r e gi o n 
b et w e e n t h e n a n ofi b ers a n d its s u rr o u n di n g m atri x w er e als o co nsi d er e d i n t his st u d y. T h e 
i nt er p h as e  r e gi o n  w as  m o d el e d  as  a n  i n h o m og e n e o us  f u n cti o n all y  gr a d e d  m at eri al  t o
st u d y its eff e ct o n t h e o v er all pr o p erti es of n a n ofi b er-r ei nf or c e d m atri x. It w as c o n cl u d e d 
t h at as l o n g as t h e w ei g ht e d v olu m e fr a cti o n of t h e i nt er p h as e is k e pt c o nst a nt, t h e pr ofil e 
s h a p e  of  t h e  i nt er p h as e  r e gi o n  d o es  n ot  aff e ct  t h e  o v er all  el asti c  pr o p erti es  of  t h e  
c o m p osit e  m at eri al.  A  s e nsiti vit y  a n al ysis  f o r  t h e  m at eri al  pr o p erties  s h o w e d  t h at  t h e  








n a n ofi b er  v ol u m e  fr a cti o n  is  t h e  m ost  i nfl u e nti al  p ar a m et er  a m o n g  all  t h e  p ar a m et ers  
c o nsi d er e d i n d et er mi ni n g t h e o v er all el asti c  pr o p erti es of t h e n a n o-r ei nf or c e d m atri x. 
T h e str e n gt h pr o p erti es of t h e n a n ofi b er-r ei nf or c e d m atri x w er e c al c ul at e d b as e d 
o n t h e s h e ar l a g t h e or y c o m bi n e d wit h QI L t e c h ni q u e usi n g G E N O A/ M C Q s oft w ar e. A n 
i nt erf a ci al s h e ar str e n gt h w as ass u m e d t o c al c ul at e t h e str e n gt h of n a n o-r ei nf or c e d m atri x. 
T h e u n c ert ai nti es ass o ci at e d wit h t h e c o ns tit u e nt m at eri als w er e pr o p a g at e d t o t h e
eff e cti v e pr o p erti es of t h e n a n o-r ei nf or c e d m at eri al vi a a M o nt e C arl o si m ul ati o n ( M C S) 
t e c h ni q u e. A si mil ar a p pr o a c h w as us e d t o pr o p a g at e t h os e u n c ert ai nti es t o t h e str u ct ur al 
l e v el f or e x a m pl e pr o bl e ms i n v ol vi n g str u ct ur al r es p o ns es i n t h e f or m of b u c kli n g a n d 
cr us h. 
T h e str u ct ur al a n al ysis f or b u c kli n g ( c al c ul ati n g criti c al b u c kli n g l o a d, Pcr ) w as 
p erf or m e d vi a a first or d er s h e ar d ef or m ati o n t h e or y f or c o m p osit e t hi n s h ells. F or e n er g y 
a bs or pti o n  p erf or m a n c e  ( cr us h  a n al ysis),  fi nit e  el e m e nt  si m ul ati o n  wit h  pr o gr essi v e  
f ail ur e  a n al ysis  w as  p erf or m e d  usi n g  M D  N astr a n  t o  si m ul at e  t h e  cr us h  of  a  h y bri d  
c o m p osit e c yli n d er. T h e eff e ct of u n c ert ai nti es  i n t h e m at eri al/ g e o m etri c pr o p erti es of t h e 
c o nstit u e nt m at eri als o n t h e str u ct ur al r es p o ns es w as als o st u di e d. T h e r es ults s h o w e d t h at 
t h es e  eff e cts  ar e  n ot  n e gli gi bl e  a n d  n e e d  t o  b e  c o nsi d er e d  i n  t h e  d esi g n  o pti mi z ati o n
pr o c ess. 
A  bi-l e v el  m et a m o d eli n g  t e c h ni q u e  w as  i ntr o d u c e d  f or  d esi g n  o pti mi z ati o n  of  
s u c h str u ct ur es u n d er u n c ert ai nt y . I n t his a p pr o a c h, a r eli a bilit y b as e d d esi g n o pti mi z ati o n 
pr o bl e m  wit h  pr o b a bilisti c  c o nstr ai nts  w a s  r e pl a c e d  b y  a  d et er mi nisti c  d esi g n  
o pti mi z ati o n  pr o bl e m  i n  w hi c h  t h e  u n c ert ai n ti es  ass o ci at e d  wit h  r a n d o m  v ari a bl es  
( m at eri al  p ar a m et ers)  ar e  pr o p a g at e d  t o  m at eri al  a n d  str u ct ur al  l e v els  a n d  c a pt ur e d  
e x pli citl y  i n  a  s urr o g at e  m o d el  ( m et a m o d el  1)  i n  t h e  m at eri al  l e v el  a n d  i m pli citl y  i n







m et a m o d el 2 i n t h e str u ct ur al l e v el. T h e d e si g n o pti mi z ati o n pr o c es s usi n g t h e bi-l e v el 
m et a m o d eli n g a p pr o a c h w or k e d w ell f or b ot h c as es of b u c kli n g a n d cr us h p erf or m a n c e 
o pti mi z ati o n. 
M et a m o d els  b as e d  o n  r a di al  b asis  f u n c ti o ns  ( R B F)  w er e  us e d  t o  g e n er at e  
m et a m o d el 1 f or b ot h str u ct ur al r es p o ns es ( b u c kli n g/ cr us h). F or m et a m o d el 2, a n R B F 
m et a m o d el w as als o b uilt t o d o r eli a bilit y a n al ysis usi n g a n a d v a n c e d  a n al yti c al a p pr o a c h 
(i. e., A M V +). H o w e v er, it w as dis c o v er e d t h at A M V + d o es n ot w or k w ell a n d s uff ers 
fr o m c o n v er g e n c e pr o bl e ms f or s u c h n o nli n e ar f u n cti o ns t h at h a v e c o n c a v e r e gi o ns n e ar 
t h e  m ost  pr o b a bl e  p oi nt  of  f ail ur e.  T h er efor e,  M C S  w as  us e d  i nst e a d  f or  a  dir e ct  
c al c ul ati o n of t h e f ail ur e pr o b a bili t y of e a c h str u ct ur al r es p o ns e. 
M C S r e q uir es a l ar g e n u m b er of si m ul ati o ns f or all c o m bi n ati o ns of d esi g n a n d 
r a n d o m  v ari a bl es  t o  pr o d u c e  a c c ur at e  r es ults.  It  is  w ort h  m e nti o ni n g  t h at  t h e  r es ults  
pr es e nt e d  i n  t his  st u d y  ar e  s p e cifi c  f or  t h e  m at eri al  s yst e m  c h os e n  as  w ell  as  t h e  
m o d eli n g/si m ul ati o n m et h o ds us e d d uri n g t h e d esi g n pr o c ess.  All t h e li mit ati o ns wit hi n 
t h e m at eri al s yst e m a n d/ or t h e m o d eli n g a n d si m ul ati o n a p pr o a c h es wi ll aff e ct t h e r es ults
o bt ai n e d fr o m t h e d esi g n o pti mi z ati o n.  
S e v er al  t o pi cs  c a n  b e  i n v esti g at e d  f urt h e r  as  p art  of  f ut ur e  w or k.  F or  e x a m pl e,  
m o d els wit h hi g h er fi d elit y c a n b e us e d t o c al c ul at e t h e stiff n ess a n d str e n gt h pr o p erti es 
of  t h e  n a n o- e n h a n c e d  m atri x  m at eri al.  L e n gt h  s c al e  pr o bl e ms  w o ul d  b e  t h e  m ost
c h all e n gi n g p arts of t his i m pr o v e m e nt. U n c er t ai nt y r e pr es e nt ati o n w as d o n e b y ass u mi n g 
a n or m al distri b uti o n f or t h e c o nstit u e nt m at eri al pr o p erti es. E x p eri m e nt al q u a ntifi c ati o n 
of s u c h u n c ert ai nti es l e a di n g t o m or e a c c ur at e distri b uti o n wo ul d i m pr o v e t h e r es ults. T h e 
m et h o d f or u n c ert ai nt y pr o p a g ati o n is a n ot h er t o pi c t h at c a n b e alt er e d or i m pr o v e d t o g et 
m or e a c c ur at e r es ults a n d/ or m or e c o m p ut a ti o n al effi ci e n c y c o m p ar e d wit h M C S w hi c h





w as us e d i n t his st u d y. I nst e a d of usi n g bi-l e v el m et a m o d eli n g a p pr o a c h pr es e nt e d i n t his 
w or k, R B D O c a n b e dir e ctl y us e d f or d esi g n t o  c o m p ar e t h e r es ults wit h t h os e pr o vi d e d 
i n t his st u d y. C o nti n g e nt u p o n h a vi n g s uffi ci e nt c o m p ut ati o n al effi ci e n c y, m or e s a m pl es 
c a n  b e  c o nsi d er e d  t o  g et  m or e  a c c ur at e  r es ults  fr o m  m et a m o d eli n g.  T his  is  m or e  
i m p ort a nt  w h e n  it  c o m es  t o  t h e  m et a m o d el  2  w hi c h  is  t h e  fi n al  o bj e cti v e  f u n cti o n  i n  
t er ms of t h e d esi g n v ari a bl es. 
A n ot h er h ori z o n f or f ut ur e w or k is t o c o ns i d er fi el d u n c ert ai nt y i n t h e str u ct ur e. 
H er e, t h e m at eri al pr o p erti es w er e ass u m e d t o b e t h e s a m e t hr o u g h o ut t h e str u ct ur e. I n 
r e alit y, h o w e v er, t h er e m a y b e s c att er e d r a n d om i n h o m o g e n eit y i n t h e str u ct ur e d u e t o 
d ef e cts e m a n ati n g fr o m t h e m a n u f a ct uri n g pr o c ess. T h er ef or e, a br o a d er r e pr es e nt ati o n of 
u n c ert ai nti es m a y r es ult i n a m or e a c c ur at e m o d eli n g of t h e i nfl u e n c e of u n c ert ai nti es o n 
d esi g n. 
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